GLOBAL SOLUTION AND TIME DECAY OF THE 
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Abstract. We construct the global unique solution near a global Maxwellian to the Vlasov- 
Poisson-Landau system in the whole space. The total density of two species of particles decays 
at the optimal algebraic rates as the Landau equation in the whole space, but the disparity 
between two species and the electric potential decay at the faster rates as the Vlasov-Poisson- 
^q". Landau system in a periodic box. 

o 

(N 

^> 1. Introduction 

The dynamics of charged dilute particles (e.g., electrons and ions) in the absence of magnetic 
effects can be described by the Vlasov-Poisson-Landau system: 

<N i d t F + + vV x F + -V x <t*-V v F + = Q(F + ,F + ) + Q(F„,F + ), 

d t F„ +V .V X F_+V x <t>- V V F_ = Q(F+, F_) + Q(F_, F_), 
Ph ■ 

<: -A I( 4= f (F+ - F_) <fo, ' 

•a 



F±(0,x,v)=F 0t ±(x,v). 



Q(G 1} G 2 )(v) = V v - [ §{v-v'){G x {v')V v G 2 {v)-G 2 {v)V v ,G 1 {v'))dv', 

JR3 



(1.2) 



Here F±(t,x,v) > are the number density functions for the ions (+) and electrons (— ) re- 
spectively, at time t > 0, position x = (x\, x 2 , X3) E M 3 and velocity v = {v%,v 2 ,v^) G M 3 . The 
self-consistent electric potential 4>(t, x) is coupled with F±(t, x, v) through the Poisson equation. 
The collision between charged particles is given by the Landau (Fokker-Planck) operator: 

(N 

^ ■ where 

8 = $( ^r( 7 -1^)' (L3) 

Since all the physical constants will not create essential mathematical difficulties along our 
analysis, for notational simplicity, we have normalized all constants in the Vlasov-Poisson- 
^ . Landau system to be one. Accordingly, we normalize the global Maxwellian as 

Kv) = f^+(v) = /*_(«) = e" H2 . (1-4) 
We define the standard perturbation f±(t,x,v) to [i as 

F± = /x + v ^/±. (1.5) 

Letting f(t, x, v) = > the Vlasov-Poisson-Landau system for the perturbation now takes 

the form 

{d t + v-V x T V x </> ■ V4 /± ± 2V x <j> • Vyfji + L±f = T±(f, f) T V x <j> ■ vf±, 

(1.6) 



A^ = J tfi(f + -f-)dv. 
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For any g = ( 9 *), the linearized collision operator Lg in (jl.6p is given by the vector 



Lg 



L+g 
L-g 



2A t g 1 + K* (gi + g 2/ 
2A if g 2 + if* (gi + g 2 \ 



with A* , if* defined by 



A^ip = —Q(fi,^(p), K*<p = —Q(yfji(p,ii). 



(1.7) 



(1. 



For (7 



( 9l ) and 7i 



Vfca 



1 j, the nonlinear collision operator r(g, /i) in (|1.6|) is given by the vector 
F+(g,h)\ _ (T*(gx +g2,hxT 



T(g,h) = 



r-(g,h) 



r*(ffi +g2,h 2 



with r* defined by 



(1.9) 



(1.10) 



Notation. For notational simplicity, we use (-,•) to denote the L 2 inner product in R 3 , while 



we use (•,•) to denote the L inner product in either 



or R:J without any ambiguity. 



Sometimes, we shall use J g to denote the integration of g over R 3 x R 3 or R 3 . Letting the 
multi- indices a and j3 be a = [ai,a2,«3], /3 = fa, fa], we define <9^ = d£f <9" 2 2 d^l dvl dvl ■ 
If each component of 8 is not greater than that of #'s, we denote by 8 < 6; 8 < 6 means 8 < 9, 
and \9\ < \8\ where \8\ = 9\ + 8 2 + 83. We use with an integer £ > for the any d a with 
\a\ = £. When £ < or £ is not a positive integer, stands for defined by 



A s f(x) 



\i\ s f{0e 2mx< di 



(1.11) 



where / is the Fourier transform of /. We use .£P(R 3 ), s £ R to denote the homogeneous Sobolev 
spaces on R 3 with norm defined by ||/||jj s = ||A s /|| i2 , and we use H S (M, 3 ) to denote the usual 
Sobolev spaces with norm We shall use ||-|| to denote L p norms in either R 3 x R 3 or 

to denote the weighted L p norms in 



\ H S- . . - ~ ~~ || || p 

Letting w(v) > 1 be a weight function, we use | 



ip,w 



I' x 1^. We also use |-| for the IP norms in R 3 , and \-\ pw for the weighted L p norms in 



We will use the mixed spatial- velocity spaces, e.g., L V H% — i/ 



, etc. 



Throughout the paper we let C denote some positive (generally large) universal constants 
and A denote some positive (generally small) universal constants. They do not depend on either 
I or m; otherwise, we will denote them by Cj, Cj m , etc. We will use A < B (A > B and A ~ B) 
if A < CB. We use Cq and Ao to denote the constants depending on the initial data and I, m, s. 

For the Landau operator (|1.2p . we define 



§ lj (v - v')n{v')dv'. 



We define the weighted norms 

l/U = I w 2 y j <hf<),f + a ij v iVj f] dv and 
From Lemma 3 in |9], we have 



l/U 



l/L 



2,w 



+ 



+ 



2,to 



(v)~*V v f x 



(1.12) 



(1.13) 



(1.14) 



2,w 



with (v) = \/l + \v\ 2 . Let \f\ a = \f\ al and ||/|| CT = H/H^i- It is well known that the linear 
collision operator L > and is locally coercive in the sense that 

(Lf,f)>\{I-P}f\l, (1.15) 

where P denotes the L\ orthogonal projection on the null space of L: 



N(L) = span j v^fjY v 7 / 7 ^, MV^fJ 



(1.16) 
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As in [8], we define the following velocity weight 

w(a,P)(v) = {v) 2{l ~ laHm , l>\a\ + \P\, < q < 1. (1.17) 
Letting I > m, we define the energy functional by 

w/) = E II^/IIU«^ + ||V *^' (L18) 

|o| + |/3|<m 

and the corresponding dissipation rate by 
*W/)ee £ ll^{ I - p }/C(^ + S ll« op /lla + llV^||I + ||(/ + -/-)||S. 

|a|+|/8|<m l<|a|<m 

(1.19) 

We also define 

VrnlM = V m ;lM) ~ IK/+ " /-Oil* and ^m;^(/) = V m - M (f) + \\*f\\l ■ (1-20) 

We remark that T> m -^ q (f) and T> m -^ q (f) are the dissipations used in [18] and [8] respectively, and 
we introduce them for the presentational convenience. Note that there is a cascade of velocity 
weights in (|1.18|) and (|1.19|) so that fewer derivatives of / demand stronger velocity weights. 
Our first main result of the global unique solution to the system (|1.6p is stated as follows. 

Theorem 1.1. Assume that fo satisfies Fq ; ±(x,v) = /j, + \/Jifo,±(x,v) > 0. There exists a 
sufficiently small M > such that if £2-2 o(/o) — M, then there exists a unique global solution 
f(t,x,v) to the Vlasov-Poisson-Landau system JL6J) with F±(t,x,v) = fi+ y/flf±(t,x,v) > 0. 
(1) If £2;i,q{fo) < +00 for I > 2, < q <C 1, then there exists C\ > such that 

/•oo 

sup ZW/(T))dr<C,£ 2; i, a (/o). ( L21 ) 

0<i<oo JO 



Furthermore, 



1^)1100 + 1^x^)1100 + 1^^)113+ £ || V "(/+ 

fc=o,i - (1.22) 



and 



^aci+tj-^y^oc/o) 

IW)|| 00 + ||v^(t)|| 00 + ||v^(t)|| 2 + E Ikm -/-)(*) 



fc=0,l 



< Qe^^J^Jfo) forO<q « 1. 



(1.23) 



(%) in addition, if £ m ;i,q(fo) < °° f or an V ! > 2, 1 > m > 2, < 9 « 1, i/iere exists an 
increasing continuous function P m ,i(') with P m ,i{fy = such that the unique solution satisfies 

/•oo 

SUp £ m ;l, q {f( t ))+ / Vm;l, q (f(T))dT<P m ,l(£ m .,l,q(fo))- (1-24) 
0<i<oo JO 

Theorem 11.11 will be proved in sections and H] by using the strategy of [5] in which Guo 
proved the first result of the global unique solution near Maxwellians to the Vlasov-Poisson- 
Landau system in a periodic box. There are two folds in this strategy. First, by the introduction 
of the exponential weight e^ q+1 ^ to cancel the growth of the velocity in the nonlinear term 
^Vx4> • vf± and the introduction of the velocity weight (j!.17[) to capture the weak velocity 
diffusion in the Landau kernel, assuming that the conservation of mass, momentum as well as 
energy holds, Guo |8j first derived the following energy inequality (for m = I = 2,q = 0): 

£ 2 ;2, (/)+ r©3;2,o(/)dfl<f 2! a,o(/o)+ / [Halloo + || V^||J £ 2 ;2,o(f) (1.25) 

Jo Jo 

The reason why the term HP/Hjj is excluded from our dissipation rate is that the Poincare 
inequality fails in the whole space. However, this requires us the much more careful arguments 
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in section [3] when deriving the energy inequality of type f 1 1 . 2 5 j) for the whole space with 2? m; /, g (/) 
replaced by T) m - t i q (f); we need to prove an improved refined estimate for the nonlinear collision 
term as Lemma [2. 31 in section[2j Second, thanks again to the conservation laws and the Poincare 
inequality in the periodic box, Guo [8] then derived the following differential inequality: 

' 2 < 0, (1.26) 



|r+£llW 



fe=0,l 

where Y(t) ~ J2k=o l 11^/112' ^ applying the method previously developed in Strain and Guo 
[TBI [T7] . then a decay rate of the electric potential is extracted from ([1.260 : 



\\dtm\oo + [|V^(t)|L < VW) < (1 + ty 2 . (1.27) 

Hence the energy estimates (jl.25p is closed by applying the standard Gronwall lemma. However, 
as remarked in [8J, the strong decay rate of (jl.27p (and (jl.26p ) is a consequence of the periodic 
box (and the conservation laws!), and it remains open if a sufficient decay rate can be obtained 
for the whole space. To get the sufficient decay rate of <f> in the whole space case, in addition 
to (|1.25p . Strain and Zhu [18] further developed another energy inequality: 

p h (f) + v\f) < [na^lL + 1| v 2 0||j£V) + ||v.p/[|jj , (i.28) 

where £ h (f) denotes some high-order energy functional that does not contain HP/lljj and D h (f) 
is the corresponding dissipation. Assuming additionally that the L 2 L X norm of the initial data 
is small, by combining these energy estimates and the linear decay analysis, Strain and Zhu |18| 
obtained a decay rate of 

II d t m\oo + HV^(t)IL < (1 + r !+£ (V%;0(/0) + ||/o||^xi) > ( L29 ) 

where e = (I - §)-!§ E (0, ±) if I > 5. 

The L^L X assumption of the initial data seems crucial for the global existence of the solu- 
tions to the Vlasov-Poisson-Landau system in the whole space in Strain and Zhu [IS]; see also 
Duan, Yang and Zhao [1] for the one-species Vlasov-Poisson-Landau system in the whole space. 
However, as well illustrated in Theorem II .![ we have removed such kind of assumption and our 
Theorem 11.11 for the whole space is almost like Theorem 2 for the periodic box case in Guo [5J . 
The key motivation is that the real thing we need to close the estimates (|l,25p is a strong decay 
rate of <ft rather than the whole solution! Let us look back at the system (|1.6p . and we note that 
<j> depends only on / + — /_ and also that there are some cancelations between the "+" and "— " 
equations. We are then led to consider the sum and difference of /+ and /_: 

h = /+ + /_ and h = /+-/- (1-30) 
The Vlasov-Poisson-Landau system (|1.6p can be equivalently rewritten as 

dth + v ■ Vs/i + A/i = r*C/i, /i) + • (v v f 2 - vf 2 ) , 

dth + v ■ V x f 2 + 4X7 x <f> ■ v^Jl + C 2 f 2 = r„(/i, h) + ■ (V„/i - vh) , 



= / h^dv. 

JR 3 



(1.31) 



Here Ci = —2(^4^ + K*) is the one-species linearized Landau operator and C 2 = —2A*. Notice 
that [Cifi, C 2 f 2 ] is equivalent to Lf, and their null spaces are 

N(jCi) = span {y^, v-^/Ji, \v\ 2 ^/Jl} and N(C 2 ) = span {y^} • (1-32) 

Let Pi be the L 2 , orthogonal projection on the null space of Ci respectively, then 

(CifJ) > 5 |{I - Pi}/|^ , i = l,2. (1.33) 

Notice that the linear homogeneous system of ()1.3ip is decoupled into two independent subsys- 
tems: one is the Landau equation for fx; the other one is a system almost like the one-species 
Vlasov-Poisson-Landau system for f 2 and <f> but with the linear collision operator C 2 . Then our 
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key observation is that we can include the full ||/2||^. in our dissipation rate (|1 . 19[) : £2 controls 
the microscopic part {I — P2}/2 by (jl.33p ; while the presence of the electric field can control 
the hydrodynamic part P2/2! This special coupling effect between £2 and the Poisson equation 
and the decoupling make us be able to derive a differential inequality similar as (jl.26p : 



d 



fe=0,l 



+ \W x c 



ll < 0, 



(1.34) 



where <?o(/2)(i) ~ Ylk=o 1 ^ / 2 2 W^x^Wz- Hence, in the whole space we can obtain the 
same decay rate of (j> as the periodic case in Guo [5]. It is also interesting to point out that our 
observation also works for the periodic case, and hence we can still prove the global solution 
even without the assumption of the conservation laws which is crucial in Guo [8] so that the 
Poincare inequality can be employed. 

Our second main result is on some further decay rates of the solution to the Vlasov-Poisson- 
Landau system (jl.6p by making the much stronger assumption on the initial data. We remark 
that our main purpose is to clarify how to derive these decay rates for the solution and its 
higher-order spatial derivatives, so we will not pursue the optimal spatial regularity and velocity 
moments and smallness assumptions on the initial data. 



Theorem 1.2. Assume that f is the solution to the Vlasov-Poisson-Landau system (|1.6p con- 
structed in Theorem Fix I > m > 2, then there exists a sufficiently small M = M(m, I) 
such that if £ m ;i,o(fo) < M, then 

(1) If I > m + \, then for I = 1, . . . , m, 

1 



fc=0 

and if in addition £ m; i jq (fo) < +00 for < q -C 1, then 

m 

£ ||v fc (/+ - < C l>m e- c ^ t2/3 y/s mM (f ). 

k=0 

(2) If ||A- s (/ ,+ + /o,_)|| 2 < +00 for some s G [0,3/2), then 

\\A- s (f + + f^)(t)\\ 2 <C . 
Moreover, if I > max{m + |, |m + ^-}, then for £ = 0, . . . , m — 1, 



E |l vfc (/+ + /-)(*) <Co(l + t) 



e<k<m 



l+s 
2 • 



for any fixed small e > 0, if I > m ^ £ +s + m — |, then for £ = 0, . . . , m — 2, 

V e {I - Px}(/ + + /_)(*)| a < Cb(l + t)~' ± ^. 

The followings are several remarks for our main theorems. 
Remark 1.3. We can consider the generalized Landau operator with, see \12\ 13"! 19]. 

1 / , v v 



(1.35) 

(1.36) 

(1.37) 
(1.38) 

(1.39) 



1 7+2 



I 



7 > -3. 



(1.40) 



It is easy to conclude from our proof that the global unique solution f to the Vlasov-Poisson- 
Landau system near Maxwellians exists for all 7 > —3. If 7 > —2, then the decay rates of 
f + — /_ and (j) in our theorems can be improved to be an exponential rate; and we can take 
e = in (|1.39p so that the decay rates of {I — Pi}(/ + + /_) are optimal. Very recently, Duan, 
Yang and Zhao [6] established a global existence theory for the one-species Vlasov-Poisson- 
Boltzmann system in the whole space with hard potentials and soft potentials respectively, which 
generalized the pioneering work of Guo |10j with hard-sphere interaction. We believe that if the 
Vlasov-Poisson-Boltzmann system is of two-species, then our observation can be used to remove 
the L\L\. assumption of the initial data in [5j |6] and get the faster decay of electric potential. 
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Remark 1.4. The constraint s < 3/2 in Theorem \1.2\ comes from applying Lemma \2.5\ to 
estimate the nonlinear terms when doing the negative Sobolev estimates via A~~ s . For s > 3/2, 
the nonlinear estimates would not work. Since Lemma \2. 51 implies that for p € (1,2], L p C H~ s 
with s = 3(1 _ i) e [0,3/2), so as a byproduct, we obtain the usual LP-L? (1 < p < 2) type of 

the optimal decay rates for /+ + /_. Note also that the L? optimal decay rate of the higher-order 
spatial derivatives of the solution are obtained. Then the general optimal L q (2 < q < oo) decay 
rates of the solution follow by applying the optimal Sobolev interpolation. We also remark that 
we do not require the H~ s or LP norm of initial data be small. It is worth to pointing out that 
the optimal decay rates of f + + /_ are new even for the Landau equation in the whole space with 
soft potentials [91 [13] . We also believe that our method can be applied to show the optimal decay 
rates for the Boltzmann equation in the whole space with soft potentials both with and without 
angular cut-off mUmEingttTlElEgE]. 



Theorem 11.21 will be proved in section [SJ To prove (|1.35|) - (|1.36|) . we will establish a family of 
general versions of the differential inequality (|1.34p : 



V*/2 



k=0 
?k f " ' 1 2 ' 



+ II V- 



< 0, for 



1, . . . ,m, 



(1.41) 



where £&{f 2 )(t) ~ Eo<fc<^ II V°M\1 + H V ^ll2- Then ^M~^M follow h Y applying the inter- 
polation method (among velocity moments) developed in Strain and Guo [16] and the splitting 
method (velocity-time) developed in Strain and Guo [17] . To prove (|1.38|) . the key is to establish 
the following a family of energy estimates with minimum spatial derivative counts on fy. 

d 



dt 



{^(/i)+^o m (/2)} + A 




V'{I-Pi}/i 




(1.42) 



< 0, for I = 0, 



, m 



where £^{h){t) ~ Ee<k< m \\ vk h\\r To achieve this ' 

we will extensively and carefully use 
the Sobolev interpolation of the Gagliardo-Nirenberg inequality between high-order and low- 
order spatial derivatives to control the nonlinear estimates. After deriving the negative Sobolev 
estimates ()1.37j) . (|1.38|) - (|1.39p follows by combing a Sobolev interpolation method among spatial 
regularity with the methods in |16t \TT\ [15] . 

The rest of our paper is organized as follows. In section [2l we establish an improved refined 
estimates for the nonlinear collision terms and collect some analytic tools. In section (3[ we 
establish the nonlinear energy estimates for the local solutions. In section H] we derive the basic 
time decay estimates and show that the local solution is global. In section [5j we obtain the 
further decay rates for the global solution. 

2. Preliminary 

In this section, we use L to uniformly denote the linear collision operators L, L\ and £2, and 
we use r to denote the nonlinear collision operators T and T*. We first recall the basic property 
of the linear collision operator L. 

Lemma 2.1. We have (Lg,h\ = /g,Lh\ , (Lg,g\ > 0, and Lg = if and only if g = Pg, 

where P is the L\ orthogonal projection onto the null space of L, correspondingly. Moreover, 

2 



Lg,g 



> 



{i-P}g 



(2.1) 



Proof. We only need to consider the case L = £2- We use the following reexpression for £2 as 
Lemma 1 in [9]: 



£ 2 g = -2^ l ' 2 V v ■ {n 1/2 v Nv9 + vg]j = -2^ 1 / 2 V t) • {^V« [^ 1/2 d] } • 



(2.2) 
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Then we integrate by parts to obtain 
(C 2 g,h) = (-fi~ 1/2 V v ■ {naV v 



fj,a"V v 



,v„ 



(2.3) 



Hence, (€29, h) = (g, C 2 h) j {£ 2 g, g) > 0, and C 2 g = if and only if g = P 2 g since a is positively 
definite. The estimate (I2.lt) for £2 follows as Lemma 5 in [9]. □ 



Next we recall the weighted estimates for L. 
Lemma 2.2. Let w = w(a,j3) in (|1.17|) . For any small r] > 0, there exists > such that 

(l-q 2 - V) \d a 9\l Ma>0) ~ \Fg\l < (w\a, 0)d a Lg, d a g) 

<\d a 9\l Mafi) +Q, m , v \d Q g\l, 

and for (3^0 



(2.4) 



m=\p\ m<\p\ 

<(w 2 ( a ,(3)d%L gi d%g 

1 i2 x — ^ 1 i2 — ^ 1 i2 



(2.5) 



\M=\P\ 



\h\<\P\ 



Proof. We refer to Lemma 8 and Lemma 9 in [T7] for the proof. Indeed, the upper bounds were 
not written down there, but the proof is the same. □ 

We now prove the refined estimates for the nonlinear collision operator T. 

Lemma 2.3. Let w = w(ct,{3) in (|1.17|) . Then we have 



w 2 d$T\g 1 ,g 2 ], 91 93 



a 1 <a ' \ („)2 



(2.6) 



Hereafter 5 > is a sufficiently small universal number and C/^ m denotes constants depending 
on but universal when f3 = /3±. In particular, we have 



r[5i,ff2],ff3 



< 



\92\a- \g3\a 



(2.7) 



Importantly, when a = a%, /3 = /3 or a\ = fix = the constant in front of the first term of 
does not depend on either I or m; otherwise, it depends on ml Note that there is a large 
factor / in the second term of (j2.6j) . Our key improvement is that we are free to bound the term 
|m 5 /| 2 b y eitner I/I2 or \f\a and the term l/l2,^V b y eith er \f\ 2}W or 1/]^ as we want. 



Proof. We prove the lemma for r = T*. As Proposition 7 in [SJ, by the product rule we expand 

(w 2 d%T*l gi , g 2 ],d$g 3 ) = ^C^cf x G aifk , 
where G ai p 1 takes the form 



2 {*« * 8 01 [^ 2 d^ 9l ] } 3^2% to, di9$g 3 
-(1 + 2g) (u; 2 * d Pl [v^ l ' 2 d^ gi ] } 8^2^92,^93 
+(1 + 2<z) (u, 2 * 3 Pl [v^djd^g^ } &*2%92,&pm 



:1 1«1 -i. c). 



'^1 



(2.8) 
(2.9) 
(2.10) 
(2.11) 
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<l - H - {& j * d 01 [v^d^gx] } dj&pfcto^!*) (2-12 

,2 



+4(1 - \a\ - |/3|) ( ^ * d h [v^djd^gi] } d«I%g 2 ,d$g 3 ) (2.13) 



with double summations over 1 < i,j < 3 and di = d Vi . 

Note that there is a (large) factor 4(Z - |a| - |/3|) in both (|2T2l and (|2~T3]l . The first two 
terms (|2.8p ~- (|2.9p would not encounter this factor, so they can be bounded in the same way as 
in Proposition 2.2 of [18J via the first term on the right-hand side of (|2.6p . We shall now first 
estimate the term (12TT2L Since = OQv I" 1 ) e £ 2 oc ( r3 ) and l^-/?!^/" 172 }! < ^ft,/?)/" 174 ' 

by Lemma 2 in [9], the Cauchy-Schwartz inequality implies 



VifjL 



1/2 d^ gi ] <cl £ 1^4^ 



1/2 



/8</8l 



«i 1 



2 *^/ A \ 



1/2 



M 1/4 M ^siM 



0</?i 



for a sufficiently small (5 > 0. Hence, recalling (|1.14p . we bound (I2.12p by 



dv 



(2.14) 



/3</3i 



(2.15) 



/3</3i 



< lc (PuP) E 1^?^ , 



l^ 3 | 2r 



/3</3i <«> 2 

For the rest three terms, we use an integration by parts inside the convolution (in v*) to split 



^ * d, 



'Pi 



^ 2 d ai gi 



$ ij * d 01 



9i 



(2.16) 



We first estimate the most singular term (|2.1ip . The second part of (|2.11|) corresponding to the 
split (|2.16p has the same upper bound as (|2.8p - (|2.9|) . we then focus on the first part of (|2.11|) : 



w 



(2.17) 



Note that dj^(v) = O (\v\ 2 ) ^ L^ oc (]R 3 ). We thus decompose the integral region in the 



convolution * dp 1 [/i 1//2 <9 ai gi] into two parts: \v — v*\ > 1 and \v — v*\ < 1. When the 

integral is restricted to the region \v — v*\ > 1 the singularity is avoided, so this part of (|2.17p 
can have the same upper bound as (|2.8p - (j2.9|) . For the remaining part of (|2.17p corresponding 
to the region \v — vJ < 1, we bound it by 



a 



< c, 



\v — vJ 2 w 2 (v) 



v— v t <1 



^ 1/ H^)df9i(v,)d^ i g 2 (v)d i d^g 3 (v) 



dvdv* 



(PuP) 



v-v*\- 2 {n S df gi )(v*) (w^d^g 2 )(v) (w^d^g 3 )(v) 



(2.18) 



dvdv* . 
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As in Proposition 3.5 of [7J, applying Holder's inequality, the Hardy-Littlewood-Sobolev theorem 
and the Sobolev embedding, we obtain 



(/3i,/3) 



5 aot—a 



< a 



L% 



LI 



wn s didgg 3 



<a 



H Ojj 91 0/3-/31 92 



\i wdidpg 3 



Li 



(2.19) 



<J,W 



Therefore, (|2,lip is bounded via the first term on the right-hand side of (|2.6|) . 

We next estimate the term (|2.10p . The second part of (|2.10p corresponding to the split 
(|2.16p has the same upper bound as (|2.8p - (|2.9p ; while the first part has the same upper bound 
as (|2,17p . Hence, (|2.10p is also bounded via the first term on the right-hand side of (|2,6p . We 
then finally turn to the last term (|2.13p . The second part of (|2.13p corresponding to the split 
(|2.16p has the same upper bound as (|2.12p ; while the first part we again decompose the integral 
region in the convolution into two parts: \v — u*| > 1 and \v — < 1. When the integral is 
restricted to the region \v — v*\ > 1 the singularity is avoided, so this part can have the same 
upper bound as (|2.12p . For the remaining part corresponding to the region \v — v*\ < 1, we 
employ the same argument for (|2.18p to bound it by 



IC, 



< IC, 



A* Op 91 



LI 



M wdp_plg 2 



H 5 wdpg 3 



LI 



2,- 



Therefore, ()2.13p is bounded via the second term on the right-hand side of (|2.6 



(2.20) 



□ 



In what follows, we will collect the analytic tools which will be used in this paper. The first 
one is the Sobolev interpolation among the spatial regularity: 



Lemma 2.4. Let 2 < p < oo and k,£,m S R, then we have 



< 



|v m /||^- 



where < 9 < 1 and k satisfies 



k + 3 



m(l -0)+. 



Proof. For 2 < p < oo, it follows from the classical Sobolev inequality |14] that 



< 



with ( = k + 3[--- 



By the Parseval theorem and Holder's inequality, we have 



< 



m ri\ 1— 6 



vv ||v m /|| 



where < 9 < 1 is defined by (I2T22D . Hence, (l2T2T|) follows by qTSfy - QTSfy . 

We have the following IP inequality for A~ s : 
Lemma 2.5. Let < s < 3/2, 1 < p < 2 < oo, 1/2 + s/3 = l/p, then 



\\A~ s f\\ < „ , 

II J l\2 ~ IIJ n P 

Proof. It follows from the Hardy-Littlewood-Sobolev theorem, see 



(2.21) 
(2.22) 

(2.23) 

(2.24) 
□ 



(2.25) 
□ 



In many places, we will use the Minkowski's integral inequality to interchange the orders of 
integration over x and v. 



Lemma 2.6. For 1 < p < q < oo, we have 



(2.26) 
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Proof. For q = oo or p = 1 (I2.26P is standard, see [13] • Now for 1 < p < q < oo and hence 
1 — l/p < °°) we have 



/ (7 |/| p cJ <fe\ <( [ (f \f\ q d* 



i/p 



1 /,..., \ /,.., !•' I' / "-| - 1 /,.,, 1 / ..Ml-'-/ -i!-'"^- 

(2.27) 

We thus conclude the lemma. □ 

We also need the following version of the Gronwall lemma. 
Lemma 2.7. Let A(t), B(t),y(t) >0 satisfy y(t) < f* A(s)y(s) ds + B(t), then 

y(t)<eti A ^ ds f A(s)B{s)ds + B(t). (2.28) 
Jo 

Proof. The lemma is standard, see [8]. □ 

The last one is the basic time decay estimates of certain integrals. 
Lemma 2.8. Suppose that < e < 1, A>0 and i? > ; then 

-A((l+t)i--( 1+ T)i-«) (1 + T) -O dT < Ca ^ (1 + t) -^ +e _ (2>29) 

Proof. The proof is standard, see [IB]. □ 



t 

e~ 



o 



3. Local solution and basic energy estimates 

We first record the local-in-time existence of unique solution to the Vlasov-Poisson-Landau 
system (|1.6p if <?2 ; 2,o(/o) is sufficiently small. 

Theorem 3.1. Assume that <?2:2,o(/o) *s sufficiently small. Then there exist < T < 1 and 
M > small such that there is a unique solution F = fj,+ Jfif > with 

£ 2 ;2,0(/(i)) + r^2;2, (/(s)) d S < £ 2 ;2,o(/o) < M. (3.1) 
V 

In general, ifO < t < T, there exists an increasing continuous function P m i(-) with P m i(0) = 
such that 

£m;iM(t))+ [ V mM (f(s))ds<P m>l {£ mM (f Q )). (3.2) 



o 

Notice that in this local existence theorem we have included the term HP/H2 in the dissipation; 
this allows us to prove Theorem 13.11 exactly in the same way as [8] with a little additional 
attention on the Poisson term which was already presented in [18]. Since the proof is similar 
to those of [8] and [18], we then omit it. However, for our global existence theorem, we need to 
exclude this term from the dissipation rate. So we can not use the estimates of Lemma 14 in 
[8] and we need to refine the energy estimates. We shall establish the following proposition: 



Proposition 3.2. Let /o G C£°(R:£ x Rjj) and assume f is the solution constructed in Theorem 
3J\with£ 2]2fi (f)<M. 
(1) We have 



/ V 2 . M {f)ds 
Jo 

< W/o) + °l I [ll^Hoc + + P 2 ;0,0(/)1 W/) ds - 

Jo L J 



(3.3) 
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(2) If m > 3, we have 



£m;l,q(f) + / Dm;l,q(f) ds 



< £m;l,q(fo) + Q,'. 



(3.4) 



+ IIVx^lloo + ^>m-l;l,qU) £ m;l,q{f) ds - 



Proposition 13.21 will be proved by the following a series of lemmas. We begin with the energy 
estimates without the velocity weight. 



Lemma 3.3. Let fo £ C^°(K X x Rjj) and assume f is the solution constructed in Theorem \3.1 
with <?2;2,o(/) < M. Then we have 



d_ 

dt 



+ / |V a 



+ \\\{I-F}f\\l<VM(\\V x f\\l + \\V x <f>\\l 



(3.5) 



If k = 1,2, we have 

d 
~dl 



E 

± 



e ±2^| V fc /± |2 



+ W k V x c 



+ A 



V fc {I-P}/ 







2 


vm ( y: |vv 




< II^IL 


v fe / 


+ 

2 










\l<^<2 





(3.6) 



If m >3, we have that for any r] > 0, 



E 

± 



e ±2 *|V m /±| 2 



+ / |V m V^ 



+ A||V m {I-P}/||2 



< II^IL Iiv m /ll2 + ( Vm + v ) ( || v m /||^ + || v^||* ) + c m , v s m . m Mv, 



m f 1 1 2 



y m— l:m— 1,0 



Proof. We will use the continuity equation of 

<9*p + Va; • J = 



(/)■ 
(3.7) 



(3. 



with p = J y/Jl[f+ — /_] cfo and J = J Vyfp[f + — /_] du. From this and the Poisson equation 
—A x (j) = p, we have 



2 1 V fc V^ • v^L[V k U ~ V fc /-] = | J |V fc V a 
For d33P, by jTUJ), we obtain 
l/l 2 



d_ 



+ J (Lf, /) = / E ( r ±(/' /) =F V ^ • /±- 
By the collision invariant property and the estimate (|2.7p of Lemma 12.31 we obtain 



(3.9) 



(3.10) 



< 



2ll3lll/l CT IUI{ I - P }/IU 



(3-11) 



<A/^ I 0(/)([|V«/[|J + ||{I-P}/P. 
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Here we have taken I?— L 6 — I? in the x integration and used the Minkowski's integral inequality, 
Sobolev's and Cauchy's inequalities. Recalling (|1.14p . we have 



(3.12) 



<I|V^|| 2 |||/LJ 6 (vf' 2 f 

^ 3 

<^2;2,o(/) (\\V*f\\l+ II V x 0[|^). 

Here we have used the fact that || (v) 3/2 VV|| 2 < V S W,o(f) for ^ = 0, 1 by (fTTH]) . Then (133]) 
follows by further using Lemma |2 . 1 1 since £ 2 -2 o(/) ^ is small. 

Next letting > 1, we prove (|3,6p and (|3,7|) . Applying V fc to (|1.6|) and then taking the 1? 
inner product of the resulting identity with e ±2<?i V fc /±, we obtain 



d_ 

It 



E 



e ±2*| V fc /± |5 



+ |v fc v a 



J(LX7 k f,X7 k f) 



(3.13) 



= E / e ±2 ^ t ^|V fe / ± | 2 + E / ^( e±2 * " l)V fc / ± V fc V,^ • vyfii 
± J ± J 

+ E /(i-e ±2</, )v fc /±^±vV + E / e ±2 *v fc /±v fc r ± (/,/) 

5 

+ E C fc / e^V'/iV^fV^VJi-^):^/, 
±,j<fe ^ i=l 

Note that the weight function e ±2<?!> is so designed such that there was an exact cancelation for 
the high momentum contributions in the integration, see [8]. 

We now estimate I\ ~ I5. Since |e ±2< ^ — 1| < \\(l>\\ a 
estimate, clearly, 

h < \\m\oo |v fe /|' 2 

and by using the exponential decay of fj,, we obtain 
h < Vm 



< V £ 2;2,o{f) < VM by the elliptic 

(3.14) 



vfc 2 + ^ 2 ^_ 

(T 2 



v*7 



+ livens 



By Lemma 12.21 we have 



i 3 <Vm 



Now for the term J4, we apply the estimate (|2.7p of Lemma 12.31 to obtain 



h<cJ2cl [ |v J 7| 2 |v*-'7 

i<fe 3 



dx. 



(3.15) 



(3.16) 



(3.17) 



For k = 1, if i = we take L°° — I? — L 2 ; if j = 1 we take L 3 - L 6 - L 2 in flgJZD respectively 
to have an upper bound of 



C^ 2 ;2,0(/)||V/|| 2 . 



(3.18) 



For k = 2, if j = we take L°° — L 2 — L 2 ; if j = 1 we take L 3 — L 6 — L 2 ; if j = 2 we take 
L 2 — L°° — L 2 in (|3.17j) respectively to have an upper bound of 



£=1,2 



(3.19) 
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For k = m > 3, if j = we take L°° — I? — L 2 ; if j = m we take L 2 - L°° — I? in (T3TTT]) 
respectively (note that now C™ = 1) to have an upper bound of 



cJe 2 . 2 , (f) \\v m f\\l + c ||v m /|| 2 E vV || v m /t 



£=1.2 



(3.20) 



< U£2;2, (f) + v) \\v m ft + c v e m , mfi (f)v 2 , 2fi (f). 

Now if j = 1 we take L°° - L 2 - L 2 ; if 2 < j < m - 1 we take L 4 — L 4 — L 2 in (pH?!) respectively 
to bound them by 

c m ^2\\v e vf \\v m - 1 f\l\\v m f\\ a + c m E | v * v "7 



£=1,2 



£=0,1 
2<j<m-l 



(3.21) 



m— l;m— 1,0 (/)l|v m /|| CT 

< »7 l|V m /||' + C mj ^ m;Wi o(/)© m - 1;m -i,o(/). 

We thus conclude the estimates of 14. Note that the difference between our estimates of I4 and 
that of Lemma 8 in [8] is that we excluded the term \\f\\^ therein. 

Finally, we turn to the term 1$ and we perform an integration by parts in v and recall (jl. 14|) 
to have 

h < E c l j I v J /v fc - J v^ • V k (V v f + vf) 



j<k 



^J2 c i \ ^> 3/2vJ / iv fc - j 'v x 0i v fc / 



(3.22) 



(fx. 



For k = 1 then j = 0, we take L 3 — L 6 — L 2 in (|3.22p to have an upper bound of 



E M 3/2v '/ 9 l|v 2 v^|| 2 nv/iu < Jf 2i2i0 (/) ||V/||^ 



(3.23) 



£=0,1 



For k = 2, if j = we take L 3 — L 6 — L 2 ; if j = 1 we take L 2 - L°° - L 2 in (|332|) respectively 
to have an upper bound of 



E IM 3/2v '/ J|v 3 v^|| 2 ||v 2 /|| (j + (.> 3 / 2 v/|l E ||v m v^ ||v 2 /|| ct 



£=0,1 



£=1,2 



< V^;2,0(/)(||V 2 /||>||V^| 

For k = m > 3, if j = we take L 3 — L 6 — L 2 in (pITTl) to have an upper bound of 



(3.24) 



E p> 3/2 vV 2 ||V m+1 V,0|| 2 IIV-/IU < ^ 2;2 ,o(/) ||V m /|| 2 . (3.25) 
£=0,1 

Now if j = m - 1 we take L 2 - L°° - L 2 ; if 1 < j < m - 2 we take L 4 — L 4 — L 2 in (|332|) 
respectively to bound them by 



\\V £+1 V X 4> \\V m f\l 



=1,2 



+ c m E ||(^} 3/2 W7 



<=o,i 

l<j<m-l 



vV m - J v T < 



l|v m /t 



(3.26) 



m— l;m— 1,0 

< f? IIV™"/!! 2 + C rrltri £ rn]rn fi(f)'D rn _i ]m _ifi(f). 

Here we have use the fact that || (v) 3/2 V £ /|| 2 < v^v^oC/) for < £ < m - 1. We therefore 
conclude the estimates of Ik. Note that the difference between our estimates of I5 and that 
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of Lemma 10 in [8] is that we had to replace ||V fc /|| CT therein by ||V fc /|| CT + || Vj^H^ since the 
Poincare inequality fails. 

Consequently, summing up the estimates for I\ ~ by Lemma [2.11 we obtain (|3.6p and 
(|3.7|) . We thus conclude the lemma. □ 

Notice that the dissipation estimate in Lemma f3.3l onlv controls the microscopic part {I— P}/, 
we then want to include the hydrodynamic part P/ and the electric potential cf> to get the full 
dissipation estimate. 



Lemma 3.4. Let /o 6 C£°(M. X x R 3 ) and assume f is the solution constructed in Theorem \3.1 
with £2-2 o(/) < M. For k > 0, there exists a function G k (t) with 



G k (t) < 



+ 



such that if k = 0,1, then 



V fc+1 P/ 



+ 



V k+1 f 



v fe v, 



+ 



v fc v. 



< 



V fc {I-P}/ 



+ 



v fe+1 {i-P}/ +M\\v x ft; 



(3.27) 



(3.28) 



if k = m — 1 with m > 3, then 



d_ 
~dl 



G k {t) + 



V fc+1 P/ 



+ 



< 



V fc {I-P}/ 



+ 



V k V T c 



v fc+1 {i-P}/ 



(3.29) 



m— l;m— 1 



,o(/)- 



Proof. From Proposition 16 of Guo [8] by using the local conservation laws and the macroscopic 
equations which are derived from the the so-called macro-micro decomposition, we have that 
for any k > 0, there exists a function G k (t) satisfying (|3.27j) (|| V^Va^H is included since the 
Poincare inequality fails) such that 



d 
~dl 



G k (t) + 



V fc+1 P/ 



+ 



< 



V fc {I-P}/ 



+ 



V fc V„c 



v fc+1 {i-P}/ 



+ 



V fc iVii 



(3.30) 



Here N\\ denotes the l? v projection of N±(f) with respect to the subspace 

X v = span {y//l,Viy/fl, ViVj^JI,Vi\v\ 2 ^Jl} , (3.31) 

where N±(f) = T±(f, f) ± V x 4> ■ (V„/± — vf±) representing the nonlinear term of (|l,6p . It then 
suffices to estimate || V fe iV|| H^. Let fx be any function in X v , we have 



V k Nu 



3<k 

We apply the estimate (|2.7p of Lemma 12.31 to obtain 



r(vv,v fc ~v), 



< 



|vv| 



(3.32) 



(3.33) 



When k = 0, 1, if j = k we take L 3 — L 6 ; and if fc — j = 1 we take L°° — 1? in (|3.33p respectively 
to bound these two cases by 

E |I V ^ I II V */H" S ^ ;2 ,o(/) ||V,/||^ . (3.34) 



0<^<2 



When = m — 1 with m > 3, if j = m — 1 we take L — L°°; if j = we take L°° — L ; if 
1 < _7 < m — 2 we take L 3 — L 6 in (|3.33p respectively to bound them by 

^m-l;m-l,o(/Pm-lim-l,o(/)- (3.35) 



THE VPL SYSTEM IN 



15 



Now, we use the integration by parts in v and the exponential decay of fi to get 



2 



< 



(3.36) 



Obviously, applying the same arguments as those for (|3.33j) . we obtain the same upper bounds 
for (j3.36p . We then conclude our lemma. □ 

Next, we turn to the energy estimates with the velocity weight, and we first deal with the 
pure spatial derivatives of the solution. 



d 
~dt 



Lemma 3.5. Let /o E C^°(R^ x R„) and assume f is the solution constructed in Theorem \3.1 
with ^2;2,o(/) — M. Let w = w(a,0) in (|1.17p . Then for \a\ = 1,2, 

■ ±2(9+1)0 2 1 aa f |2 

E- a ii^/ii^ 



<Q[||9^IL + Iiv 



^/IlL + CiVM + r?)^^/) 



(3.37) 



+ ( H^/H* + || V X 0\\1 + 8 2 . M {f)V 2 , 2fi {f) ) . 



For \a\ = m > 3, 

d_ 

dt 



,/ r p ±2(q+l)<j} 2 1 fla f |2 

4/e £ — r J ^ L + A ii«"/ie- 



< C,,m [Halloo + l|V,0||J Wf\\\ w + C (VM + r?) P m;M (/) 

+ Q,m,r, (ll^/ll* + ||V^||^ + £m;l, q (f)V m - lM (f)) • 



(3.38) 



Proof. Applying d a with | ck | = m > 1 to (|1.6j) and then taking the L? inner product of the 
resulting identity with e :iz2 ( g+1 ^w 2 d a f±, we obtain 

d f e ±2( -i +1 ^w 2 \d a f±\ 2 



dt 



=F 



*LJ^v x <f>.v-( q + i)d t 

1 + m r 



!- / (w 2 L ± d a f,d a f ± ) 

e ±2( g+ l) V , aQ/± |2 



+ J (i - ^) .>*W/ + / e«<««> W/ ± a»r ±(/ , /) 

5 

± E ^ / e ±2(<?+1) ^ 2 a a / ± ^- Qi v^ • a ai (V„/± - «/±) := E 1 - 

First, by Lemma 12.21 we have 

(w 2 Ld a f, d a f) dx > \\d a f\\ 2 aw - C hm \\d a f\\ 2 a . 



(3.39) 



i=l 



We now estimate Ii ~ J5. Clearly, 

h<c ltm [\\d t ^ + \\v x ^\u\\d a f\\l w , 

and since < q <C 1, 

/2<c /im ^||a Q v^|| 2 + 

By Lemma 12.21 again, we have 

Is < VM H^/IlL + VMCi jTn \\d a f\\ 2 a 



V S d a f 



<Ci, m (\\V x <l>\\l+\\ff'f\\] 



(3.40) 
(3.41) 
(3.42) 
(3.43) 
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Now for the term 1^, we apply the estimate (|2.6p of Lemma 12.31 to get 



h < E \ da ~ ai fl, w {\ dai f\2 \d a fl, w + « \9 ai fl \9 a f\ 2 , w } , (3.44) 

where we have used |//9 ai /| 2 ^ |d ai /l 2 , |/d Ql /| 2 < and |a Q /| 2 ^ < |9 Q /| 2 ^. 

For |a| = 1, if ai = we take L 2 — L°° — L 2 ; if a - a x = 0, we take L 6 — L 3 — L 2 in (EPHl 
to have an upper bound of 

\\d a fh, w E {11^/112 H^/ll^ + Cill^/tll^/lla,™} 

1<M<2 

+ E E {11^/112 ll^/IU + Cill^/ILII^/lk™} 

W=i M<i (3.45) 



Here we have used the fact w(a, 0) = 10(7, 0) for | -y ] = 1. 

For \a\ = 2, if ati = we take L 2 - L°° - L 2 \ if a - «i = we take L°° — 1? — L 2 ; if 
I ai| = I a — ai| = 1 we take L 4 — L 4 — L 2 in (|3.44p respectively to have an upper bound of 



l a fh, w E {ll^/llall^/H^ + ill^/IUII^/ll^} 

1<|7|<2 

+ E ii^/ii^Iii^/iui^/ii^+zii^/iuii^/ii^} 



l<l7l<2 



+ 



E ll^~ ai /L )t0 {ll^Vlla \\d a fh, w + I Wd^f\l \\d a f\\ 2jW } (3.46) 



ItI<i 
l«il=i 



< ^V 2 . M {f)^8 2 , 2fl {f)^V 2M (f) + l^V 2 .ai)^V 2 , 2fi {f)^£ 2M (f) 

< (j&Mft + v) i>2-,Uf) + Q, v v 2 , 2fi (f)£ 2 -iM)- 

Here we have used the fact w(a, 0) < 10(7, 0) for I7I < 2. 

For |a| = m > 3, note that if either ai = or a — ai = we have C" 1 = 1. Then as in (|3.46j) 
we take L°° of the term without derivatives and L 2 of the other two terms in (|3.44p respectively 
to bound these two cases by 

(y£ 2 ;2,o(/) + r^j V mM (f) + Q, m , v V 2 . 2fi (f)£ m -iM)- (3-47) 
If |ai| = 1 we take L 2 — L°° — L 2 in (13^41 to have an upper bound of 



c l>m \\d«-^f\l !W E {W^Sh \\d a f\l tW + \\dW^f\\ a \\d a f\\ 2tW } 

1<N<2 



< C l>m yJV m ^. M (f) Wf3;3,0(/)V 2? m i I,( l (/) + V P 3;3,o(/) \f £m;lM) 

< V^m;l,q(f) + Ci,m,ri^m-l;l,q(f)Sm;l,q(f)- 



(3.48) 
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If 2 < | ai| < m — 1 we take L 4 — L 4 — 1? in (|3.44p to have an upper bound of 

Ci, m Y, \\ dlda ~ ai f\l, w {Wd ai f\\2 \\d a fh, w + W&*f\\ a Wf\\^} 

ItI<i 
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< Cl, m y'Dm-l;l,q(f) j y ^m;m,o(/) y T^m-,l,q{f) + V An;m,o(/) y £m;l,q(f) 
5i r fDm;l,q{f) + Cl,m,rf^m-l;l,q 



(3.49) 



Finally, we turn to deal with the term ^ and we shall use the split / = P/ + {I — P}/. For 
the hydrodynamic part, we have 



Y C 1 I e ±2( - q+1)(l> w 2 d a f±d a - ai V x <j) ■ d ai (V„P/± - uP/±) 

ai<a ^ 

< E C ^j \ dai fk w \d a - ai V x <P\\d a f\ a , w dx. 



(3.50) 



This term can be estimated as (|3.22p with only the unweighted norms replaced by the weighted 
norms in the upper bounds. Since the microscopic part is always part of our dissipation rate, 
we can use the argument of Lemma 9 in [8] to obtain that for \a\ = m > 2, 

Y Ca 1 j e ±2 ( q+l ^w 2 d a f±d a ~ ai V x cf> ■ d ai (V„{I - P}/± - v{I - P}/±) 



<c m \\d a f\\(\\d a v x n H1 



|{i-P}/L 



ro(0,0) 



3 

HI 



+ || V z<HI/f2 n tfm-l ^m-l;«,g(/) 



These two estimates imply that for |a| = 2, 



and for |a| = m > 3, 

4> < V \\d a f\\l w + C mjr} V m _ VM {f)S m , ltq {f). 
Consequently, collecting the estimates we thus conclude the lemma. 



(3.51) 

(3.52) 

(3.53) 
□ 



We now turn to the mixed spatial- velocity derivatives of the solution. First notice that in view 
of Lemma [3.3l and Lemma f3.5[ it suffices to estimate the remaining microscopic part <9g {I — P}/ 
for \a\ + |/3| < m and \a\ < m — 1 with m > 2. We use the macro-micro decomposition: 

{d t + v ■ V* T • V„}{I - P}/± ± 2{I - P}(V^ • vy/ji) + L±f 

= r±(/, /) =F • u{I - P}/± + P(« • V s /±) - u • V^P/i (3.54) 
± • (P(«/±) - uP/± + V„P/± - P(V„/±)) • 



Lemma 3.6. Assume /o G C£°(R:£ x R^) and assume f is the solution constructed in Theorem 
\3J\with £ 2; 2,o(/) < M. lei io = w(a,/3) in (fTTTTD . For |a| + \fi\ < 2 mtt |a| < I, we have that 
for any rj > 0, 



d_ f e^ +1 V|9g{I-P}/ ± 
dt I ^ o. 



+ A||^{I-P}/| 



< d [H^iu + IIV^HJ ||^{I - P}/||^ + C ( VM + v ) V 2M (f) 



(3.55) 



+ d, n I y PH 1 - p }/ll^') + - p}/|1 ' + ||v ^n" + || vla|+1 /|| 2 ) 
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For \a\ + \(3\ < m with m > 3 and \a\ < m — 1, we have that for any n > 0, 



d_ 

lit 



e^Vl^I-P}/; 



+ II02{I-P}/I 



E 2 

< C,, m [H^IU + IIV^HJ ||^{I - P}/g w + C (x/M + rj) V m . M (f) 
+ C l>mtT) ([£ m -,lM) + 1] Vm-l;lM) + || VH+1 /|[) ' 



(3.56) 



Proof. Applying with |a| + < m for m > 2 and |a| < m — 1 to ()3.54p and then taking 
the L 2 inner product of the resulting identity with e :iz2 ( q+1 ^w 2 dp{I — P}/±, we obtain 



d re ±2 b +v >*w 2 \&${l-V}f±\ 



dt 



+ / <^L ± {I-P}/,^{I-P}/ ± ) 



=F 



j e ±2 ^^ W 2 5^d^{l - P}/±3f {I - P}/± 
2(1 - \a\ - 



V x 4>-v-(q + l)d t 4> 



±2( g +l)<£_„2|aa 



w'\d${I-P}f±\ 



1 + \v\ 2 

+ y (i-^)^{i-p}/ ± ^{i-p}/ 

T 2 1 e ±2 ^ +1 ^ 2 ^{I-P}/ ± ^{I-P}(V^-^) 
+ y e ±2(9+1) ^ 2 ^r ± (/,/)^{I-P}/± 
± E C ^ f e ±2{q+1)(t, w 2 d^{I -V}f±d a - ai V x (j) 

■ (v v df{i - p}/± - d p [vw*{i - P}jy 

± E ^ / e ±2{q+1) ' t 'w 2 dp{I-P}f±d a - ai V x <J) 

«i<o 

• ^ (P(«/±) - ^ ai P/± + V„P/± - P(V„/±)) 

8 

+ y e ±2 ^ +1 )^ 2 a^{I - P}/ ± a^ (P(„ • V x / ± ) - v • V*P/±) := £ 



(3.57) 



i=i 



Here = 1 if e« < /3; otherwise, 5? = 0. 
First, by Lemma 12.21 we have that if (3 = 0, 

J (w 2 d a L{i - p}/, d a {i - p}/) > - p}/|| 2 iW - ci >m - p}f\\l ; 

if /? 7^ 0, then for any n > 0, 
|(t» 2 ^L{I-P}/,^{I-P}/) 

> IIW " P}/||* " V E II W " P }/IIL(^) " C ^n E IIW " P }/C. 



(3.58) 



l/3'l = l/3| 



/S'</3 



We now estimate I\ ~ ig. For any 77 > and /3 > ej, by Lemma 6 in [8] we have 



It < 



^^_ ei {I-P}/ 



a,w(a,0— ej) 



<r?P m ^(/) + C, <^_ ei {I-P}/ 



w(a,/8') ' 

(3.59) 



(3.60) 



a-,uj(a,/?-ei) 
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Clearly, 



h < Q, m [||^|L + IIV^HJ ||^{I - P}/|| 



2,iu 



(3.61) 



By Lemma 12.21 we have that for any r\ > 0, 

la < VM\\d${I - P}f\\l w + C hm VM \\d a {I - P}f\\l 

+ r,v m . M (f) + cu„ e II w - p }/|l^ (a ^) • 

/?'</? 

For the term Z4, we can move all the v derivatives dp out of dg{J — P}/ to the remaining 
factor in u; using the exponential decay of /i, we obtain 



(3.62) 



^4 < Ci„ 



//^{I - P}/|| 2 < C l>m [\\V x <P\\l + - P}f\\l) . (3.63) 

To estimate the term I5, applying the estimate (|2.6p of Lemma 12.31 we obtain 

h< E cs 1 ^^ /]«4J^fv] Jlw-p}/U+^lw-p}/| 2) ^}- 



S<Pl<P 



(3.64) 

First notice that for all |a| + < 2, if (ai, /3) = we can always take L 2 — L°° — L 2 in <^M) , 
and we use the split / = Pf + {I — P}/ in the factor dgZa 1 f > to have an upper bound of 

> P*- rr tn 



c r ([|fl a p/n 2 ,„ + ll^a -p}/t,J E l^ 57 / 2 IIW-p}/IL,, 

1<H<2 

+aii^p/n 2jM E lk 57 /|LllW- p }/IU 



1<ItI<2 



Ci||^-ft{i-P}/IL ftB E |^/J|W-P}/| 

1<|7|<2 



2,to 



(3.65) 



< JS 2M U)^V^MJV 2 , hq U) + ^V 2 , hq {f)j£ 2 , 2fi (f)JV mM {f) 



+ CiJ£ 2 .i >q {f)JV 2 . 2fi (f)JV 2M (f) + C l JV 2 . M (f)JV 2;2fi (f)JS 2 -i, q (f) 



< US^M+V) ThteU) + Ci, v V 2A0 (f)£ 2 . M (f). 

Here we have used the fact w(a,/3) < w(a,/3 — j3\). Notice carefully that here we adjusted 
the energy and dissipation components by making full use of the advantage that the terms 



and 



can be included in either the energy or the dissipation when they 



<„)3 



are hit by the spatial derivatives. Note that we have concluded the case |a| + = 0. 

When \a\ + |/3| = 1, the remaing case is of (a — ax, /3 — (3\) = 0, and we take L 6 — L 3 — L 2 in 
(|3.64p to have an upper bound of 

c E w^sh* E IK^f/IJIW-Pi/IU 
+d e \\dy\L w E |K 575 f/|jlw- p }/IL 

l7l=i ItI<i " (3.66) 



< ^V 2M {f)j£ 2 , 2fi {f)JV 2 . Xq {f) + CiJV 2 . l:q (f)JV 2 . 2fi (f)j£ 2 . ltq (f) 



< ^V f 2;2,0(/) + r/J X»2;l )q (/) + C l)V V2i2M^ilM)- 

Here we have used the fact w(a,(3) = 10(7,0) for | — y | = 1. This concludes the case \a\ + |/3| = 1. 
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When \a\ + |/?| = 2, if (a - ax,/3 - = we take L°° — L 2 — L 2 in (pT64"j) to have an upper 
bound of 



c E ll^/t,, 

1<H<2 



|^{I-P}/|| 



+q E ii 97 /n^||^I/|| 2 ll^{ I - p }/ll 

i<ItI<2 



(3.67) 



< ^V 2 , l ^)JS 2 . 2 , (f)JV 2 . M (f) + C, yJV 2M (f) \^V 2 . 2 , (f)JS 2 . M (f) 



< 



f 2 ;2,0(/) + »7 »2;l )g (/) + G,^2;2,o(/)^;^ g (/)- 



Here we have used the fact w(a, (3) < 10(7, 0) for 1 < | -y | < 2. If (ai, (3) / and (a— ati, (3— (3{) 7^ 
0, then |«i| + \(3\ = 1 and \a — ai\ + |/3 — = 1 since \a\ + = 2. Hence we take L e — L 3 — L 2 
in (|3.64p to have an upper bound of 

c e IH^IL ^ |^r/| 2 ii^{i-p}/ii^ 



+ c, E ll 57 ^ 1 /! _ E h &dld Tf \\ d 1^ - 



\2,w 



ItI=i 



| 7 |<1 



< ^V 2M {f)j£ 2 , 2 MdV 2M {f) + C^V 2M {f)^V 2 , 2fi {f)j£ 2M {f) 



(3.68) 



< ( V^;2,o(/) + r/J 2? 2; i,,(/) + Q i?? P 2;2i o(/)^, ? (/). 

Here we have used the fact w(a, (3) < 10(7 + a — ai, /? — for I7I < 1. This completes the case 
\a\ + \/3\=2. 

Now when \a\ + = m > 3, we shall separate four cases. The first case is either (aj.,/3) = 
(a, /?) or (a — ai,/3 — (3\) = (a,/3). Indeed we now have C^C^C^^ = C. We note that 
m > 3 so that we can take L°° of the term without derivatives and L 2 of the other two terms 
in (|3.64p . also when (a — «i, (3 — (3\) = (a, (3) we use the split / = P/ + {I — P}/ in the factor 

dgf\ , to have an upper bound of 

l<T,U) 

ci E ii 97 /ii^||^/| 2 ll^{ I - p }/IL,. 

1<|7|<2 

+cuiifl o p/n aft0 E ||^ 7 /|| 2 llw- p }/!U 

1<M<2 

+c||^{i-p}/|| ff>to e ||^ 7 /|| 2 llW- p }/IL,. 

1<|7|<2 

+ Q, m ii^p/n 2iW e ||^ 7 /|Lll^{ I - p }/IL. 



1<|7|<2 

c hm \\d%{i--p}f\i w e ||m^v|| 2 ||^{i-p}/| 

1<H<2 



(3.69) 



2,w 



< C hm ^V 2 , hq {f)j£ m . M {f)^V m]l>q {f) + C hm JS m . M {f)^JV 2 , 2fl {f)dV m . M {f) 



+ \^V mM (f)J£ 2 . 2fi (f)JV mM (f) 



< V £ 2;2,o(/) + »7 2? m;ii9 (/) + C l)m)r p 2M {f)£ mM {f). 
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We next consider the case of |ai| + |/3| = m — 1 and \a — a\\ + \f3 — f3\\ = 1, and we take 
L 6 — L 3 — L 2 in (131)41 to have an upper bound of 



Q, m £ 11^™/ 1 £ L'enipf \\d${i - p}f\l t 



|t|<1 



< Cl, m \J V 2 -l, q (f)^ ' £m;l,q{f)\l ^m;l,q(f) 

< V'^ > m;l,q{f) + Cr)T^m~l;l,q(f)£m;l,q{f)- 



(3.70) 



We now consider the case of |ai| + \/3\ = 1 and 



the split / = P/ + {I - P}/ in the factor 



p>a—a\ f 



a — ot\ \ + |/3 — Pi\ = m — 1, and we shall use 
. For the hydrodynamic part of (|3.64p we 



take L 3 — L 6 — L 2 ; while for the microscopic part of (|3.64p we take 1? — L°° — 1? respectively 
to have an upper bound of 

Ci, m £ \\snff*-*vf\\ Y, ll^dff ||^{I-P}/|| 



M<1 



|7|=1 



+c l J\d«z%{i--p}f\\ Y h 5dld ff JlW- p }/L, 



1<|7|<2 



(3.71) 



< C/ jTri y £m;l,q(f)\J V 2;2,o(f)\/ V m;l,q(f) + ^.m y ^m-l;l,q(f) y ^3;3,o(/) y 1^m;l,q(f) 

< ff^m-^qU) + C/,m,r)^ ) m-l;«,g(/)^m;/,g(/)- 

The remaining cases are of 2 < |ai| + < m — 2 and 2 < |a — ai| + 1/3 — <m — 2 (surely, 
now m > 4), and we take L 6 — L 3 — L 2 in ([3TB41 to bound it by 

C,, m £ II^Z-/ £ k'flW/ J|^{I-P}/||_ 



|7|<1 



M=i 

< C/,my // ^ , m-l;«,, 3 (/)y // '?m-l;m-l,o(/)y // ^ , m;«, (J (/) 

< f]1^m;l,q(f) + C^m^V m -l;Z,<j(/)£m-l;m-l,o(/)- 



(3.72) 



Notice that the term /g only occurs when |a| + |/3| > 1. Since {I — P}/ is always part of our 
dissipation rate, so we can use the argument of Lemma 9 in |8j to obtain that for \a\ + |/3| < m, 



J 6 <C m ||^{I-P}/||^ 
In particular, if \a\ + \/3\ < 2 



*V 3 



|{i-P}/L 



u(0,0) 



3 + \\^x4>\\ H 2 nHm -l £>m-l;Z,<z(/) J • 

(3.73) 
(3.74) 



h < V^;2,0(/)^2;L 9 (/); 

if \a\ + |/?| = m > 3, since |a| < m — 1, 

^6 < ij^ma^if) + C miV £ m -i- m -i ) Q(f)T> m ^i-^q(f). (3.75) 
For the term ^7, we make use of the exponential decay in t; of the hydrodynamic part to get 

h < C l>m Y J I W " P}/| ff \ d<X ~ ai Vx<f>\ \d ai f\ a dx. (3.76) 



If |ai| > 1, we take I? — L°° — I? in (1377511 to have an upper bound of 

Q, m ||^{i-p}/|| CT II^^v^lii^viu 



i<bl<2 



< Cz,m y ^m;m,o(/)y £m-l;m— 1,0 m— l;m— 1,0 (/) 

l;m-l,o(/)^m-l;m-l,o(/)- 



(3.77) 
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Here we have use the fact that 1 < |ai| < \a\ < m — 1. If |ai| = 0, we take I? — L? — L 6 in 
(|3,76p to have an upper bound of 

c Zjm ||^{i-p}/|| CT Y, W'^M^ E w dl ft 

|7|<1 M=i 



< Cl }Tn \J V m - mfi (/) J £ m _ l ;m _l,o (/) y £>2;2,0 (/) 

l;m-l,o(/)^2;2,o(/)- 

Finally, for Is, we easily have 

/8<Q, m ||^{i-P}/|| CT |vi a i +1 / 

<7 ? ||^{I-P}/||^ + Q im , r ,||vH+ 1 / 
Consequently, collecting the estimates for ii ~ we thus conclude our lemma. 
We now present the 
Proof of Proposition \3. 2\ For m > 2, we define 



(3.78) 



(3.79) 



□ 



£m,l,q (/) 



^±2<t> \^ k f±\ Z 



+ |v fe v a 



l<fc<m \ ± 

/• p ±2( ? +l)1..2|fla f , 12 



0<fc<m-l 



l<|a|<m 



(3.80) 



+ E e °.0 / E 



|c| + |/3|<m 
la I <m — 1 



By taking sufficiently small, £ m ,i,q(f) is equivalent to our energy £ m ,i,q{f) of (|1.18p in the 
sense that there exists C\^ m such that 



m^m,l,q{f) 5; £m,l,q{f) 5; C;,m£m,;,<j (/) • 



(3.81) 



By further taking e/;,e a , e aij g , r/ sufficiently small orderly and choose M sufficiently small (inde- 
pendent of I and to!), we deduce Proposition 13.21 from Lemma l3.3H3.6l □ 

4. Time decay and global solution 

In this section, we will derive a further energy estimate which allows us to extract the strong 
decay rate of (p. Then we can close the energy estimates in Proposition 13.21 and thus complete 
the proof of Theorem ll.il We recall the notations f\ = /+ + /_ and /2 = /+ — /- for the solution 
/ to the Vlasov-Poisson-Landau system (jl.6p . The key point is to consider the evolution of f 2 
and (j) separating from (jl.3ip : 

dth + v • V x f 2 + 4V X • vtfi + £2/2 = r,(/i, f 2 ) + • (V„/i - vh) , 

(4.1) 



A, 



f 2 y/Jidv. 



Lemma 4.1. Let fo G C£ 



with ^2 ; 2,o(/) < M. There exists a function £^d(/2)(t) with 



and assume f is the solution constructed in Theorem \3.1 



£3(/a)(*) ~ E || V ^ 



k=0,l 



+ IIV 



XVII2 



^0 1 (/2)+ E II V ^ 



J/. 



fc=0,l 



+ liv^ils < 0. 



(4.2) 
(4.3) 
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Proof. The standard V k energy estimates on (|4.ip yields for k = 0, 1, 



d /||V fc / 2 



dt 



+ 2 



+ A 



V fc {I-P 2 }/ 2 



< | ( r *(v j 7i, v*-'7 2 ) + v j 'v„0 • v k -*(v v h - vh), v k f 2 ) 



0<j<k 



(4.4) 



:=h + h. 



Our goal is to conclude an energy estimate for / 2 and (j) solely that excludes f% . So when esti- 
mating I\ and J 2 we will bound the /i-related factors by the energy rather than the dissipation. 
More precisely, applying the estimate (|2,7p of Lemma 12.31 we have 

(4.5) 

0<j<k ' 

Here in the x integration of (|4.5p . when j = we have taken L°° — L 2 — L 2 ; and if = 1 and 
j = 1 we have taken L 3 — L 6 — L 2 respectively. While we use an integration by parts in v and 
recall (|1.14p to have 



7l < E /|VVi| 2 |v^/ 2 |JvV 2 [dx<y^(7)||v fc /2 



12 = E |(v fe ^/iV J V x .0,V fc (V i; / 2 + r;/ 2 )) 

0<j<k 

< E / |(-) 3/2 v fc - j /i 
<7w7)iiv x .0ii H2 



lv J v, : 



V fc /2 



fix 



(4.6) 



V fc /2 



< 



+ 



V fc /2 



Here when j = we have taken L 2 — L°° — L 2 ; and if A; = 1 and j = 1 we have taken L 4 — L 4 — L 2 
in the x-integration of (|4.6p respectively. So, we may conclude from (|4.4p that 



d /||V fc / 2 



+ 2 



V fc V..c 



+ A 



V fc {I - P 2 }/ 2 



(4.7) 



< v^2,o(/) £ r /2 + n v »< 



,fc=0,l 



Here we have used the elliptic estimate on the Poisson equation to have 

[|V a ,0||^<||V 3 ,^ + ||V <B / 2 ^. 
On the other hand, similarly as Lemma 13.41 there exists a function Gj 2 (t) with 



G%(t)< \\f 2 \\l + \\v x f 2 \\i + \\^xHl 



such that 



jG%(t) + ||P 2 / 2 || 2 + \\V x P 2 f 2 \\ 2 2 + \\V x <t>\\l 

< ||{I " P2}/ 2 ||^ + HV^I - P 2 }/ 2 ||2 + || JV|| \\l . 

The key point in (|4.10p is that we can include the term ||P 2 / 2 || 2 , which follows by 



IIP3/2II2 £ Ma 
The last term in (|4.1U|) is bounded by 



2 < ||Vx0||2+l|V x P2/ : 



2 II 2 • 



\N\\ \\l = || <r*(/!, f 2 ) + • (V„/i - vh) , v^Ji)\\l 

<£w>(/)( Wht + \\v*<t>\\l)- 



(4.8) 
(4.9) 

(4.10) 

(4.11) 
(4.12) 
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Hence, (|4.10p implies that 



d 



^-G%(t) + ||P 2 / 2 ||^ + ||V x P a / 2 |£ + ||V 



< ||{I " P2}/ 2 ||^ + ||V S {I - P 2 }f2\\l + ^2;2, (/) (||/ 2 |£ + ||V^||^ 

Now we define 

2 
2 



£l{h)(t) := £ 
fc=0,l 



+ 2 



V fc V. T 



eG§L(t). 



(4.13) 



(4.14) 



By (|4.9[) . for e sufficiently small, we deduce that £q(/2)(£) satisfies f|4.2j) and that (|4.3p follows 
from (@7fD and (14TT3J) since £ 2 ;2,o(/) < M is small. □ 

We now establish the crucial strong decay rate of 4> in the following proposition. 

Proposition 4.2. Let f G C^Qf^ x Rjj) and assume f is the solution constructed in Theorem 
\3.1\ with £ 2;2 o(/) < M. Then there exists C\ > suc/i £/ia£ 

ll^(t)IL + llv^(t)|| 0O + ||v^(t)|| 2 + Yl \\v k f2(t) 

fc=0,1 " (4.15) 



and 



<Q(l + t)- 2i+2 sup J^,o(/(r)), 

0<t<T v 



IW)lloo + HV a! ^)[| oo + [|V ai 0(t)|| a + £ |VV2(0 

fc=0,l 



<de-°^ /3 sup x /^ l9 (/(r)) /or < q « 1. 

0<t<T 



(4.16) 



Proof. Note that (|4,3p is essentially same as (150) in [8], then we can get the same decay rate 
as [8]. Indeed, taking £ = 1 and m = 2 in ()5.56p and ()5.6ip . we obtain 



iv^(*)ii 2 + Yl | vfc / 2 (t) 

fe=0,l 



<Q(l + t) 



-21+2 



sup a/£ 2 ;;,o(/(t)), 

0<t<T v 



and 



|v^(i)|| 2 + £ ||v fc / 2 (t) 



fc=0,l 



< f ',e- Qt2/3 sup x /f 2; / l9 (/(r)) for < g « 1. 



2 0<t<T 

By the Poisson equation and the continuity equation, we obtain 

||V 

and 

\\d t </>\\ 00 = \\A- 1 d tP \\ oo 
We thus conclude the lemma. 

Now we can follow exactly the same strategy of [8] to prove Theorem 11.1 



- ' 'ii » £ || V>|| 2 + ||V^|| 2 < ||/ 2 || 2 + ||V X / 2 || 2 

l A_1V - J IL S II J H 2 + H V - J ll2 £ IIMI2 + iiv,/ 2 || 2 



(4.17) 
(4.18) 

(4.19) 

(4.20) 
□ 



, x x K) with p o 



Proof of Theorem We first choose the smooth initial data /o € C, 
M + y^/o > 0. 

<S^ep 1. Global Small £2,2,0 Solution. 

We denote 

% = sup (£ 2;2l0 (/(i)) + [ t V 2;2 , (f(r))dT < M and /" [H^r)^ + [IV^OOU dr < Vm) . 
<>0 I JO Jo J 

(4.21) 

Clearly T* > if £ 2; 2,o(/o) is sufficiently small from Theorem 13.11 Our goal is to show T* = 00 
if we further choose £ 2 ;2,o(/o) small. 
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In Proposition 13.21 since J Q T * [Hc^H^ + || V^^t)^ + ^2;2,o(/)] dr < 1, we use the standard 
Gronwall lemma (Lemma I2.T[) to deduce from (|3,3p that 

£2;lM( t ))+ f ^2:lM( T ))dT<Cl8 2]Lq {h). (4.22) 
JO 

By Lemma 14. 11 we can improve the inequality above to be 

£2;iM(t)) + f V 2 . M (f( T ))dT < Q£ 2M (fo)- (4.23) 
Jo 

Combining Proposition 14.21 and this bound with I = 2 and q = 2, we obtain 

Al^(T)|L + ||V^(T)||JdT< sup j£2~Mf{r)) [\l + r)- 2 dT<j£^fo). (4.24) 

Jo 0<r<T» v JO V 

Upon choosing the initial condition £ 2;2 .o(fo) further smaller, we deduce that for < t < T*, 

£2i2,o(/(t)) + / 2? 2 ;2,o(/(t)) dr < ^ < M (4.25) 

JO 2 



and 



[||^)lloo + l|V^(r) 



r/r < < \fM. 



(4.26) 



This implies that T* = oo and the solution is global. Also, Proposition 14.21 and (|4.23p imply 
that the assertion (1) holds. 

Step 2. Higher Moments and Higher Regularity. 

We shall prove this by an induction of the total derivatives \a\ + |/3| = m. By ()4.23p . clearly 
(|l,24p is valid for m = 2. Assume f)1.24[) holds for m — 1. By Proposition 14. 2\ Lemma 14.11 and 
the induction hypothesis, we apply Lemma 12.71 to deduce from (|3.4p that 



S mM {f(t))+ / V m . M {f{r))alT 
Jo 



< Cl m £ m d,q\fo) 



(4.27) 



< C hm £ mM {f ) [l + e p ™-i.'^.«(^P m _ M (^, 3 (/o)) 

= Pm,l{£m;l,q{fo))i 

where we have used 

£ m -l;l,q{fo) < £m;l,q(fo) and -P m -l,z(^m-l;«,?(/o)) < ^m-l^(^m;!,g(/o))- 

This concludes Theorem 1 1.1 1 for /o G C^°(M^ x R^). For a general datum /o 6 £ m; z, g we can use 
a sequence of smooth approximation Jq to construct the approximate solutions and then take 
a limit in n to conclude the theorem. □ 



(4.28) 



5. Further decay 

In this section, we will derive some further energy estimates to deduce some further decay 
rates of the global solution obtained in Theorem 1 1.1 1 to complete the proof of Theorem 11.21 

Recall fi and f 2 again. The first lemma is a general version of Lemma 14.11 concerning with 
the energy estimates for the higher-order spatial derivatives of f 2 = /+ — /_. 

Lemma 5.1. Let /o G C^°(R^ x R^) and assume f is the solution constructed in Theorem \3.1\ 
Then for any t = 1, . . . , m with m > 2, there exists a functional £Q(f 2 )(t) with 



£oU)w~E|l v ^ 



k=0 



IV, 



(5.1) 
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such that 



d_ 

di 



^o(/2) + A^||v fc /2|[ + ||V,0||^ 
\fc=o a J 

oXf) + £m;m,0(f)) ( E || + 



(5.2) 



< C m ( \ l £ m ;m+3/4 



Proof. We recall (|4.ip . The standard V fc energy estimates on ()4,ip yields for k = 

2 



) • • • ) ^5 



1 / ||V fc /2||2 

alt I 2 



+ 2 



+ A 



V fe {I-P 2 }/ 2 



< E ^( r *(V i /i,V fc -V2)+V^V^-V fc ^'(V,,/ 1 - ? ;/ 1 ),V A; /2) :=h+h. 



(5.3) 



0<j<fc 



We apply the estimate (j2.7|) of Lemma 12.31 to have, by bounding the /i-related factors via 
\j£ m ;mfi{f) since m > 2, 

Jl ~ E C lf |V J /i| 2 |v^/2[ |v fc / 2 [ dx < C my /£ m , m M E ll V '/2||'- (5-4) 



o<j<fc 
While, we have 



0<j<k 



h = E ^|(v fc ^/iV J v :c 0,v fc (v t) / 2 + w / 2 ; 



0<j<k 



E /|(^) 3/2 v fc ^/i| 2 |v^ 



o<i<fc 



v/^m;m+3/4,o(/) E ll^^a 
0<j<fc 



V fc / 2 



V fc /2 



da; 



(5.5) 



< C m y!£ m . m+mo (f) {\\V x m + V fc / 2 

Note that we require the extra 3/4 so that when k = £ = m and j = we can bound by 
|| (i;} 3 / 2 V m /i|| 2 < y^£ m - m +3/4fi(f)'i otherwise, we need to restrict that £ < m — 1. In particular, 
when m = 2 we can only take £ = 1 that we did in Lemma 14.21 
So, summing over k = 0, ...,£, we deduce from ()5.3[) that 



fc f II 2 



V*/: 



fc=0 



< C m y £m;m+3/4,0 



V fc V^ 2 +A^||v fc {I-P 2 }/ 2 

Cf)(E|| v ^f + iiv^). 

\k=0 ° / 



(5.6) 



On the other hand, as in Lemma l4.lt for k = 0, ...,£ — 1 there exists a function GH (t) with 



V fc / 2 



+ 



V fc+1 /: 



+ 



v fc v, 



such that 



d r k 4- 



V fe P 2 / 2 



+ 



V fe+1 P 2 / 2 



+ 



< 



v ft {i-P 2 }/ 2 + V fc+1 {I-P 2 }/ ; 



+ 



(5.7) 



(5.8) 
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Here the last term is bounded by 

2 



V fc iV, 



(v fe (r,(/i, h) + v x ct> ■ (v„/i - vfx)), VfJ ,) 



<C m £ m , mfi (f)\ ||VV 2 ||' + ||V^ 

\0<j<k 



(5.9) 



Hence, summing over k = 0, ...,£ — 1, we deduce from (|5.8p that 
-11 



|E G / 2 w + EK p ^ 



dt 



k=0 



k=0 



+ IIV 



XVII2 



(5.10) 



< £ ||v fc {I - P 2 }/ 2 + C m £ m;m , (/) £ ||v fc / 2 



fc=0 



vfc=0 



+ l|V a 



XYW2 



Now, for £ = 1, . . . , m we define 

i 

4(h){t) :=E(|I V ^ 



+ 2 



v fc v x < 



2 

fc=0 v ' fc=0 



)^E G : 

/ i— n 



(5.11) 



By (|5.7p . for e sufficiently small, we deduce that E^f^if) satisfies (|5.ip and that (|5.2p follows 
from d5HD and ([5TT0D . □ 

Next, we will derive an energy estimates which allows us to derive the optimal decay rate of 
fi and its higher-order spatial derivatives. We recall the evolution for f\ separating from (jl.3ip : 

dtfi + v • Vs/i + A/i = r»(/i, h) + V x • (V„/ 2 - u/ 2 ) . (5.12) 

Lemma 5.2. Let f £ C™(R 3 X x M^) and assume f is the solution constructed in Theorem \3.1\ 
Then for any I = 0, . . . ,m — 1 mf/i m > 2, there exists a function £™{fi){t) urai/j 



Wi)w~Ell vfc /i 



(5.13) 



smc/i that 

d 
~dt 



^ m (/i) + A E V*h + V^I-Pi}/! 



vfc=M-l 



< Cm ( A/ £m;mfi{f) + £m;m+3/4 



\ / m 2 TO 

o(/)j E vfc/ C + £ r /a 

' \fc=£+l CT fc=0 



(5.14) 



IV 



XVII2 



Proof. The standard V fc energy estimates on (|5.12|) yields for k = £,... , m, 



rf ||V fc /i|| 2 
2 



+ A 



V fc {I-Pi}/i 



= E ^4 r *(v J 7i,v*- i /i) + v J, v it fv fc - 3 '(vj 3 -«/ 2 ) ) v*/ 1 ) :=ii + / 2 . 

o<i<fe 

By the collision invariant property and the estimate (|2.7p of Lemma 12.31 we obtain 

r*(vvi,v fc -v 1 ),v*/i) = 

< 



(5.15) 



r*(v J 7i,v fe -Vi),v fc {i-Pi}/i 
/xV/i| 2 |v fe -Vi| CT v fe {i-P!}/i 



(5.16) 



Our goal is to finely estimate the right hand side of (|5.16p so that it can be bounded by the 
right hand side of (|5.14p . The crucial point is to use the Sobolev interpolation of Lemma 12.41 
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Indeed, by Holder's inequality, Minkowski's integral inequality (|2.26[) of Lemma l2.6l and Lemma 
2.41 we obtain that if k = t, . . . , m — 1, 



l/v J 7i| 2 |v fe - J 7iU < /vvi 



< 



< 



LlLl 

i i— 

k+i 



L e L 2 ~ Ir^Lsig 



L%L% 



/V fc+1 /i 



ll/lr 



1 2_ 

fc+1 



(5.17) 



£m;m,0 \f) 



yfc+1 f. 



where (" comes from the adjustment of the power index over ||V fc+1 /i|| and is defined by 



J +3 



1 1 

2 ~ 3 



Cx i 



fc + 1 



7 ^+(k + l)x 1 



k + l 



C 



k + l 



2(k + l-j) 



(5.18) 



Note that we have used \\fi\\ a < \/£ m ;m,o(f) since m > 2. Now let k = m. If j = we take 
L°° - L 2 to have 



m7i 



|V m /i| CT <JS2;2, (f)\\V m hh 



If j = m we take L°° — I? to have 

|^V ro /i| 2 |/i| ff 



< 



; v m /i|l E ll vi /iL 



i=i,2 



(5.19) 



(5.20) 



if m = 2, then we further bound the above by 



m*V7i 2 liv/it+ n 6 v z h 2 ||v 2 / 1 || CT < A /f 2;2 ,o(/)||vViL. 



(5.21) 



If m > 3, then we bound it instead by 



5V3 /l|L E ||V J /lL<^3;3,0(/)||V 3 /lL. 



J=l,2 



(5.22) 



Here we have used 1 1 V- 7 /i | < y/£ m ;m,o(f) f° r 1 < J < m — 1. Now if 1 < j < m — 1, similarly 
as in (|5.17p . we obtain 



I^V/iblV^/xU 



< 



< 



L%Ll 
1- 

2 



l v ^IIj^lS 



U X 

j-1 



1=1 i=l i j-i 



< V^o^llv^/iL, 



(5.23) 



where (" is defined by 



,1 1\ / j - 1\ j-1 , 3m , 

i + 3 ~"o =^ X 1 )+mx J - =^C=^7-— 1 v 5 - 24 

2 3/ \ my m 2{m + l — j) 



Hence, we conclude that for k 



,m — 1, 



Ii<?7 



V fc {I — Pi}/i + C m ^ v £ m - m fi(f) 



V fc+1 /i 



and for k = m, 



h<V l|V m {I - Pi}/i|£ + C m>?3 £ m ; m) o(/) || V m /! 



(5.25) 
(5.26) 
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For the term I2, we integrate by parts in v and use the split f\ = P1/1 + {I — Pi}/i to have 



0<j<k 



< E eg 

0<jr'<fc 



lv'v 3 



/v fc /i 



+ ( v) a/2 V k- jf2 |V^||v fc {I-Pi}/i }dx 

< On (j£ m ;m,a(f) + 0,^+3/4,0 (/)) E (ll^'^lla + II^H* 



(5.27) 



0<j'</c 



+ rj 



V fc {I-Pi}/i 



So, summing over k = £,... ,m, by (|5.25p - (|5.27p . we deduce from (|5.15p that 

7 k f . ||2 ,, 2 



| E Jvj 1 B 1 + AE | vi{I _ Pi)/i 

fc=£ k=i 

/ / \ [ m \\ 2 m II 2 

< On ( ^£ m ;mM) + ^m+3/4,0 (/) ) E V ^ <x + 2 || V ^ 2 CT + H V *< 
^ ' \k=i+l CT A;=0 

On the other hand, for k = £,..., m — 1, as before there exists a function G ^ (t) with 



(5.28) 



G^(t)< 



V fc /i 



+ 



such that 



V fe+1 Pl/! 



< 



V fc+1 /i 



V*{I-Pi}/i + V fe+1 {I-Pi}/: 



+ 



V fc iY|i 



(5.29) 
(5.30) 



Here the last term is bounded by 

12 < E c l ( r *(v J /i,v fc ^/i) + v^-v^(v„/ 2 - w / 2 ),/i) 



V fc iVii 



0<j<fc 



< 



E c i 

0<j<k 



/i d vvi 

— Cm^r7i;?n,o(/) 



V k - J fl 



+ 



!v J v.< 



(5.31) 



v fe+1 /i 



+ E (llv'v.C + Hvffrl 

0<j'<fc 

where we have used (|5.17p . Hence, summing over k =£,... ,m — 1, we deduce 

m— 1 m „ 



E G /!W+ E p fcPi/i 



k=e.+i 



m—l 



<E v fe {i-Pi>/i +c m< s m;m ,o(/) e r fe/i +Ep +n v ^ 



\k=e+i 



k=0 



Now, for ^ = 0, . . . , m — 1, we define 



m II v/ fc f || 2 m—l 
:= E + £ E G /r 



(5.32) 



(5.33) 



fc=£ 



By ([SZ2D , for e sufficiently small, we deduce that £ £ m (/i)(t) satisfies (l5TT3|) and that (EH) 
follows from dOH]) and (lQ2jl . □ 
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The following lemma provides the needed estimates for proving the faster decay rates of the 
microscopic part {I — Pi}/i- We shall use the macro- micro decomposition: 

{d t + v ■ V x } {I - Pi}/i + C x fx 



r*(/i,/i) + {i - Pi} (v^ • (v„/ 2 - vf 2 )) +Pi(« ■ v 2 /i) - v ■ VsPi/i. 



(5.34) 



Lemma 5.3. Let /o € C^°(IR^ x R„) and assume f is the solution constructed in Theorem \3.1 
Then for any k = 0, . . . , m — 2 m > 2, we have 



d 
dt 



V fe {I-Pi}/i +A V fe {I-Pi}/i 



< C w (l + £ m ;m,0(f)) ( V fc+1 /l 9 + ^ !I V '/2||2 + H V 

3=0 

2 



(T 

k 



(5.35) 



+ Cj£ m;m>0 (f) V fc {I-Pi}/i 

V 1 1 a 

Proof. The standard V k energy estimates on f|5.34p yields for k = 0, . . . , m — 2, 



d ||V fc {I-Pi}/i| 



dt 



+ A 



V*{I-Pi}/i 



< E ^Kr.Cvv^v^'/o.v^i-Pi}/! 

0<j<fe 

+ E c i 

0<j<k 

+ I (V (v • V^Pi/i - Pi(« • VJi)) , V fc {I - Pi}/! 



V^ V^ • V fc -'(V«/ 2 - vf 2 ), V fe {I - Px}/! 



(5.36) 



By the estimate (|2.7p of Lemma 12.31 we obtain 



r,(V'7i,v fc -Vi),v*{i-Pi}/, 



< 



V fc -J'Pi/i 



+ 



< 



V*- J '{I-Pi}/i ) V*{I-Pi}/i 



:= h + I 2 + h 



V fe {I-Px}/i 



As in ()5.17p . we have 

hi < f] 
Similarly, we can obtain 

I12 < \Je^M || v fc {i - Pi}/i 

As in (|5.27p . we can obtain, since k < m — 2, 



(5.37) 



V fc {I — Pi}/i + C m ^£ m - m fi{f) 



v fe+1 /i 



V^I-Pi}/! +C m ,^||V J 'V. 



All 2 
X0|| 2 



j=0 



Clearly, we have 



h<V V fc {I-Pi}/i +c v V k+1 f 



We then conclude the lemma by taking rj small. 



(5.38) 
(5.39) 

(5.40) 



(5.41) 
□ 



We now derive the evolution of the negative Sobolev norms of f\. In order to estimate the 
nonlinear terms, we need to restrict ourselves to that s £ (0,3/2). 



(5.42) 



Lemma 5.4. Let fo £ C^°(1R^ x Rjj) and assume f is the solution constructed in Theorem \S.l\ 
For s £ (0, 1/2], we have 

j t \\A- S fl\\l + A ||A- S {I - Pl}fl\\l < (||A- S /l|| 2 + £2;2, ) ^2;2,0; 
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and for s G (1/2,3/2), we have 



d 



i2s+l 



- ||A^/l||2 + A ||A- S {I - Pi}/!^ < (||A-7l|| 2 + £2;2 t0 ) ^2;2,0 + ||/l ||f + " || V/l || 2 

Proof. The standard A~ s energy estimates on (|5.34p yields for < s < 3/2, 
d l|A-/ilg ■■ ||2 

dt 2 + A H A ^- P ^ fl t (5.44) 

< ( A _s r* (/i , /i ) , A~ s /x) + (A- s (V,0- (V„/ 2 - «/ 2 )) ,A-/i) := Ii +Ia- 

By the collision invariant property and the representation of T* as Lemma 1 in [9], we obtain 

(A-r^/i./i^A-'/i) = (A-r*(/i,/i),A-{i-Pi}/i) 



3-2s 



. (5.43) 



A~ s (di * 

-di * 



A" 



5 



/,-{ 



/^.A-^I-Pi}/!) 



i]f/i,3iA- s {I-Pi}/i 



(5.45) 



A~ s * [ Vi M 1/2 /i]} a,-/! - * M 1/2 S,7i]} /i)) , A- S {I - Pi}/i 



:— ^11 + 1 12 + ^13 + ^14- 

We first estimate the term In. Since < s < 3/2, we let 1 < p < 2 to be with l/2+s/3 = 1/p. 
By the estimate (|2.25p for A~ s in Lemma 12.51 Minkowski's integral inequality (|2.26p in Lemma 
76|, and Lemma 2 in [9], we have 



11 = " (A"* ((V)V 2 {*« * [^ 2 /l]} aj/l) , (^)- 3/2 ^A- S {I - Pi}/! 



< 



A~ s (v 



lA-^I-Px}/!^ 



(vf/ 2 {*« * D*!/ 2 /!]} + r? ||A-{I - Pi}/i||' 



(5.46) 



//l 



(^) 1/2 V./! 



+ r / ||A- s {I-P 1 }/ 1 | 



We shall now use the split f\ = Pi/i + {I — Pi}/i: for the microscopic part, we take L 3 / s - L? 
in the LP X norm above and we further bound it by 



ill 2 -i 



(^^V^I-Pl}/! „ < WhttlUl ll{I-Pl}/llll(„>3 <^;2,0^2;2 



(5.47) 



while for the hydrodynamic part, we shall separate the estimates according to the value of s. If 
< s < 1/2, then 3/s > 6, we use Sobolev's inequality to have 



(v^VvPtfx <\\fl\\\ 3 ||/l||l<||/l||l £ H5 7 /lll' <^;2,0^2;2,0; (5.48) 

1<M<2 



and if s 6 (1/2, 3/2), then 2 < 3/s < 6, we use the (different) Sobolev interpolation and Holder's 
inequality to have 



n/iii 2r iii/iii2<ii/iiir 1/2 iiv,/iiif~ s n/i 

For the second term I12, as in (|5.46p we have 



1 II 2 



1II2 



(5.49) 



h < Cn 



^Vvfl 



(v) 1/2 fi 



+ 7 ? ||A- S {I-P 1 }/ 1 | 



(5.50) 
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We again use the split: for the hydrodynamic part, we can estimate it as for Ii; while for the 
microscopic part, we take L 2p — L 2p in L v x norm to get 



(v) 1 / 2 {I-P 1 }f 1 



.2p, 



(v) 1 / 2 {I-P 1 }f 1 



r.2p, 



< \\t* s vvvfi 2 (^} 1/2 ^{i-Pi}/i 

|7|<1 

< £ 2;2 , - Pl}h\\l Av) < «f 2 ;2,0^2;2,0. 



(5.51) 



Note that /13 and I14 can be estimated in the similar way and have the same upper bounds. 
Now for the term J 2 , we integrate by parts in v and recall (|1.14p to have 



h = - (A" s (V,0/ 2 ) , A~ s (vf + V„/i)) 



< 



A' 3 (vMv) 3/2 f2) 



|A-/i 



< 



|V^| {vf 2 f 2 



A ~7i 



< l|v^|l| ||/ 2 L )<V>2 (||a- s Pi/i|| ct + IIa-^i-piMIJ 



(5.52) 



< 2? 2 ;2,0(/) ||A- S /l|| 2 + C^ 2;2i0 (/)P2;2,0(/) + V ^{1 ~ P}/l||„ ■ 



Consequently, in light of (|5.45j) — (|5.52f) . by taking 77 sufficiently small, we deduce that (|5.42p 
holds for s £ (0, 1/2] and that (|Q3l holds for s G (1/2,3/2). □ 

Now we are ready to prove Theorem 11.21 

Proof of Theorem We only need to prove the theorem for the smooth initial data, and for 
a general datum we can use a smooth approximation. 
Step 1. Decay of f 2 = f+- f— 

Suppose that £ m ;i,o(fo) < M = M(m, I) is small for I — § > m > 2, then Theorem 1 1 . 1 1 implies 

that there exists a unique global £ m -i fl solution /, and £ m ;i,o(f( t )) ~ P m,i(£m;i,o(fo)) < M is 

3 

4' 



small for all time t. Since I > m + §, by Lemma |5.1| we have that for i = 1, . . . , to, 



d 



^oU) + A(£]|v fc /2 



\k=0 



+ liv 



,.^||2 



< 0. 



(5.53) 



We now establish the polynomial decay by applying the interpolation method (among velocity 
moments) developed in [IB]. By Holder's inequality, for k = 0, . . . ,£ with 1 < I < m we have 



V fc /2 



(«)- 1/2 vV 2 



4(i-£) + l 



4(!-£) + l 
2 



< 



V fc /2 



4(J-£)+l 



£m;l,o(f) 



1 

4(J-£)+l 



Hence, we deduce from (|5.53p that 



4(!-£) 



-5<(/ 2 ) + A{ sup 5 m;i)0 (/(r)) 



eft 



0<r<T 



{^(/ 2 )} 1+4( " 



< 0. 



Solving this inequality directly, we obtain 



S$(/ 2 )(t)< ({^(/ 2 )(0)}' 



4(1-*) 



4(t - «) 0<r<T 



4(1-0 



-4(Z-*) 



< Cz,* (1 + t)~ 4(I_€) sup ^, (/(r)). 

0<t<T 

This implies the polynomial decay (|1.35|) by taking the square root of the above. 



(5.54) 



(5.55) 



(5.56) 
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We now prove the stretched exponential decay by applying the splitting method (velocity- 
time) in [17]. Assume in addition that £ m ;i,q(fo) < +°° with < q <C 1, Theorem 11.11 implies 
that the unique global solution / is of £ m ;i,q- For any 9 > 0, e > and k = 0, . . . ,m, 



V fc /2 



> 



> 



{v)- l \V k f 2 \ 2 



+ 

\v\<e(i+ty J\v\>e{i+t) 



(1 + *)- 



(1 + *)- 



\V k f 2 \ 2 

v\<e(i+ty 

2 + 

2 



v*/ 2 



i>|>0(l+i) E 



|v fc / 2 | 2 , 



and we bound by 



/ |V fc / 2 | 2 < / e9 H 2 e -^(i+*) 2£ |vV 2 | 2 < e-* e2 ^£ m . M (f). 

J\v\>e(i+t) s J 



\v\>8(l+t) E 

Hence, we deduce from (|5.53j) that, taking 9 > 1, 

^ crai t \ . A(l + t) E cm/f x . A(l + t) 

(/a) + - Q to (/ 2 ) < - e e 

We therefore have, taking e ^ 1, 



dt 



< sup £ m ± q (f(r)) 



2 (i+t) 2 



0<t<T 

Integrating this inequality from to t, we obtain 

A(l+t) 1 - £ / A 

£^(f2)(t)<e-^^r- e ^)^(/ 2 )(0)+ sup £ m;U (/(r)) 

V 0<t<T 



Atl+t) 1 



<C,e sup £ m ;Uf(r)), 



0<t<T 



(5.57) 



(5.58) 



(5.59) 



(5.60) 



(5.61) 



if we have taken 1 — e < 2e and 9 sufficiently large. This implies the stretched exponential decay 
(fL36|) by taking e = §. 

Step 2. Decay of f x = /+ + /_. 

First, since I >m + 3/4, by Lemma 15.21 we have that for £ = 0, . . . , m — 1, 



d_ 
~dt 



Wi) + A 



/ m 



+ 



Combining this and (|5.53|) with £ = m, we obtain 



V^I-Px}/! <^M E|| Vfc /2 +I|V^ 



\k=0 



(5.62) 



^{£7( /l) + £: m (/ 2 )} + A £ v*/i ct + V{I-Pi}/i 

m I, 2 \ 



(5.63) 



k=0 
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From (|5.54p again, we have for some Aq depending on the initial data and l,m, > 



k=e+i 



V V fc /l + V^I-Px}/! + V V fc /2 +IIV 
^— ' I ct cr — 1 1 a 

?+l fc=0 

f m II 2 2 

>A \J2 V */i ,+ ^{I-Pi}/i + £ m (/ 2 



ZVII2 



,fc=£+l 



1 + 



4(i-m) 



(5.64) 



Hence, it suffices to bound the only one remaining term || V^Pi/i || 2 in the energy in terms 
of the dissipation in (|5.63p . We now use an interpolation method (among spatial regularity) 
together with the splitting method (velocity-time) in [15j . Assuming for the moment that we 
have proved (jl.37p . then the key point is to do the Sobolev interpolation between the negative 
and positive Sobolev norms by using Lemma 12.41 that for s > and £ + s > 0, 

l + S 1 + 3 



V^Pi/i < A"7i 



— s f || i+U 
2 



< Cn 



Combining this and (|5.64p . we deduce from (|5.63|) that 
d 



{STih) + CT2)} + A {£Tih) + CT 2 )} 1+ " < 



dt 



where •& = max j;^, 4 (;l m ) }• Solving this inequality directly, we obtain in particular 



£TUiW) < {£mMfo)~ v +^ot) < 0,(1 + * 



-1/1? 



(5.65) 



(5.66) 



(5.67) 



So, if we want to have the optimal decay rate of f\ for all derivatives of order up to m — 1, we 
only need to take I so large that 



5 s — 1 

m — 1 + s < Ail — m) <?=^ I > — m -\ . 

~ - 4 4 

This proves the optimal decay (|1.38p by taking / > max{m + |, |m + ^-}- 
Next, by Lemma 15.31 we have that for any k = 0, . . . , m — 2, 



(5.68) 



d 
dl 



V fe {I-Pi}/i 



+ A 



V fc {I-Pi}/i 



V fc+i j_ 



E ll vi /^ 



i2 
2|l 2 



IV 



j=0 



For any e > and k = 0, . . . , m — 2, as in (|5.57|) , we have 



V fc {I-Pi}/i >(l + t)- £ V fe {I-Pi}/! 
and we bound by 



:i + 



t)~ £ I |V fc /i| 2 , 
J\v\>{i+ty 



a+r £ / 

J\v 



\v\>(i+ty 



|V fc /i| 2 < (1 + t)- £ (l + t)~ 4 ('- fc ) £ J [ 
<(l + t)-^ +1 >£ m , (f). 



|4(«-fe)| V fcjj2 



(5.69) 
(5.70) 

(5.71) 



Hence, we deduce from (|5.69|) that 
d_ . 2 
dt 



V^I-Pi}/! 2 + A(l + t)~ £ V fc {I-Pi}/i 

< {1+t) -(4l-4k+l)e Smi>o{f) + Cr] 

Denoting 



V fc+1 /i 



+Ell v ^ 2 ll2 + n v ^ 

3=0 



■& = min {(4/ - 4fe + l)e, + 1 + s, 4Z - 4fc, 4Z - 4} , 



(5.72) 



(5.73) 
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by (|1.35|) . (|1.38p and Lemma [2THI we thus deduce from (|5.72[) that for £ / 1, 

V fe {I-Pi}/i(t) 2 <C e (l + jf e-^^{l + T)- & dr \ < C (1+t)^ +£ . (5.74) 

So, if we want to have the almost optimal decay rate of {I — Pi}/i with any small e in (|1.39|) 
for all derivatives of order up to m — 2, we only need to take I so large that 

TYl — 1 ~\~ S 9 

(41 - 4(m - 2) + l)e, 4/ - 4(m - 2) > m - 1 + s Z > — + m - -, (5.75) 

since e is small. This proves the almost optimal decay (|1.39|) . 

Finally, we turn back to prove (|1,37|) . First, for s G (0, 1/2], integrating in time the estimate 
(|5.42|) of Lemma E3 by the bound (|1.2ip . we obtain 

\\^ s fi(t)\\l < \\A- s fi(0)\\l + C f {\\K- s h(T)\\ 2 +8 2 , 2fi {T))V 2 , 2fi (r)dT 

Jo (5.76) 
<C 1+ sup ||A- s /i(r)|| 2 . 

V 0<T<t J 

By Cauchy's inequality, this together with (| 1 . 2 1 j) gives (jl.37p for s G [0, 1/2], and thus verifies 
for s G [0,1/2]. Now we let s G (1/2,3/2). Observing that now / G LlH^ 1/2 since 
fl L^. C H~ s for any s' G [0, s], we then deduce from what we have proved for (jl.38p with 
s = 1/2 that the following decay result holds: 

J] V fc /i(0 <C (l + t)- {u ^ for £ = 0,...,m-l. (5.77) 

l<k<m 2 

Hence, by (157771) and (TOTl) . we deduce from (lo7i3l that for s G (1/2,3/2), 

||A- s /i(*)||2< ||A- s /i(0)||2 + C" f (||A-Vi(r)|| 2 + f 2;2 ,o(r))2? 2;2l o(T)dT 

J o 

+ C /Vi(r)|ir +1 HV/i(r)||3- 2s 
JO 

<C + C sup ||A- s /i(r)|| 2 + C / (1 + t)- ( ^ 2 -^ dr 

0<T<t JO 



(5.78) 



<C 1+ sup A"7i(r) 2 

0<T<t 



This proves (fL37)) for s G (1/2,3/2) and thus verifies ([1738]) for s G (1/2,3/2). Hence, the proof 
of Theorem 11.21 is completed. □ 



References 

[1] R. Alexandre, Y. Morimoto, S. Ukai, C. J. Xu, and T. Yang, The Boltzmann equation without angular cutoff 
in the whole space: qualitative properties of solutions, Arch. Ration. Mech. Anal., 202(2) (2011), 599-661. 

[2] R. Cafhsch, The Boltzmann equation with a soft potential. I, II, Comm. Math. Phys., 74 (1980), 71-95, 
97-109. 

[3] P. Degond, M. Lemou, Dispersion relations for the linearized Fokker-Planck equation, Arch. Rational Mech. 

Anal., 138(2) (1997), 137-167. 
[4] R. J. Duan, T. Yang and H. J. Zhao, Global solutions to the Vlasov-Poisson-Landau System, preprint (2011), 

larXiv:1112.3261 vl. 

[5] R. J. Duan, T. Yang and H. J. Zhao, The Vlasov-Poisson-Boltzmann system in the whole space: The hard 

potential case, J. Differential Equations, 252 (2012), 6356-6386. 
[6] R. J. Duan, T. Yang and H. J. Zhao, The Vlasov-Poisson-Boltzmann system for soft potentials, To appear 

in Math. Models Methods Appl. Sci., (2012). larX"iv:1112. 1453t T. 
[7] P. T. Gressman, R. M. Strain, Global classical solutions of the Boltzmann equation without angular cut-off, 

J. Amer. Math. Soc, 24(3) (2011), 771-847. 
[8] Y. Guo, The Vlasov-Poisson-Landau system in a periodic box, J. Amer. Math. Soc, 25 (2012), 759-812. 
[9] Y. Guo, The Landau equation in a periodic box, Comm. Math. Phys., 231 (2002), 391-434. 



YANJIN WANG 



[10] Y. Guo, The Vlasov-Poisson-Boltzmann system near Maxwellians, Comm. Pure Appl. Math., 55(9) (2002), 
1104-1135. 

[11] Y. Guo, Classical solutions to the Boltzmann equation for molecules with angular cutoff, Arch. Rat. Mech. 
Anal., 169 (2003), 593-630. 

[12] F. Hilton, Collisional transport in plasma, Handbook of Plasma Physics, Volume I: Basic plasma physics, 

North-Holland, Amsterdam, 1983. 
[13] L. Hsiao, H. J. Yu, On the Cauchy problem of the Boltzmann and Landau equations with soft potentials, 

Quart. Appl. Math., 65 (2) (2007), 281-315. 
[14] E. M. Stein, Singular integrals and differentiability properties of functions, Princeton University Press, 1970. 
[15] R. M. Strain, Optimal time decay of the non cut-off Boltzmann equation in the whole space, preprint (2011), 

larXiv:1011.5561fr -2. 

[16] R. M. Strain, Y. Guo, Almost exponential decay near Maxwellian, Comm. Partial Differential Equations, 
31 (2006), 417-429. 

[17] R. M. Strain, Y. Guo, Exponential decay for soft potentials near Maxwellian, Arch. Ration. Mech. Anal., 
187 (2008), 287-339. 

[18] R. M. Strain, K. Zhu, The Vlasov-Poisson-Landau system in R|, preprint (2012), larXiv:1202.247"TV l. 

[19] S. Ukai, K. Asano, On the Cauchy problem of the Boltzmann equation with a soft potential, Publ. Res. Inst. 
Math. Sci., 18(2) (1982), 477-519 (57-99). 



School of Mathematical Sciences, Xiamen University, Xiamen, Fujian 361005, China 
E-mail address: yanj in_wang@xmu . edu . cn 



